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NOTE ON CAUCHY’S NUMBERS. 
By Pror. A. 8. Cuesstn, Baltimore, Md. 


Let p be any integer positive, negative, or zero; yand j any positive 
integers or zero; develop the expression 


1)? 1)? 

x? 2 | igo (A) 
| ei 4 2 | 
\ 4 L } 


in powers of « and denote the constant term of this development by .V_,, ;,,- 
The number .V_,,;,, is called a number of Cauchy. These numbers play an 
important role in certain developments used in Celestial Mechanics. In this 
note a formula will be given by which Cauchy’s numbers can be directly and 
easily calculated. 
First, let us recall some important properties of these numbers ; namely, 
that 
V =i, (1) 


4V_ n,I,q 


N 


when —p+j+ 40; 


ping =O; (2) 


when — p + j + is a negative number or when it is odd ; 


| (— 1) N_pie; (3) 
Biogen = N P+liqg T ma) p lig? (4) 
A P,iqti — ‘N p+liq Wy liq? (9) 


From the last two formulas, by a successive application of the same, the 
following are easily obtained : 
oD 


. ' om) ao (mm) ar, 
‘ PI@ —_ _ eee ere a 1 | A —ptm—2,j—m,q + ‘ J PD umiantgnwe 
\ J _™ 
(m | fos) a 
+ | 3 | 4 —p+m—6,j—m,q Tees T | 1  - -m+2j—m,q + Picictbidens (6) 
Ls Fea 
y , Cm) Vv _ f[m) y 
4+"_ pii,g = 4Y_pim,i,gq—m — | 1 1 4¥_p+m—2,j,g—m TT 9 | **—p+m—4,j,q@—m 
tJ 
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— as ‘ | N pt+m—t,ji,gq—m “+ =o* a 2 (— 1)" EET OT 
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In particular, if m = 7, formula (6) gives 


r (7) (7) 
N_pj,q = N_pts.0,.¢ + HT N_545-2.0¢ + 13 | N_ 545-400 
. 


+19] Mores 6,0,@ +: -+ + A». ~,0,g > (6’) 
and if m = qg, formula (7) gives 


fe) =. (q)\ 
WV _»,5,¢ — N_n+0,5,0 pa 1 NV _ 944-250 +> 2 | F664 —4,j,0 


(qg)l a , 
— {31 Penance +s. +11 Tce FF) 
Combining formulas (6’) and (7’) together, we easily obtain the following : 


T an a 7 
N_p.j.q = N_p4+54+e,.00 + (J — 7) N_p+it+q—2.0,0 


Lh] 7] uP ian 8) 
EB -ets) fe4 ——+ Calton 
+ eee + (1 VW p-5-a,0,0- 
But 
N_ptjzq—-mo0=9, iff —pt+tjytq—W—0, 
N_pajtq-moo=1, if—ptjtq—mn=0. 


In fact, if,j = g = 0 in formula (A), the constant part in the development is 
zero, unless p = 0, in which case it is unity. Hence 


(fd Vay 3 fg) 
N_>»,j,9= J} . J | q | - J B —_ 


Ln | [zn —1) {1 in — 2 
n=4(—pt+j+9)- 


nf 
+ (— I) | 2 | 


This formula gives the solution of the proposed problem. 





Jouns Hopkins University, October, 1895. 





By Dr. ArNotp Emcn, Lawrence, Kas. 


A general projective transformation in the plane can easily be executed 
by means of two conics X and A’ tangent to a certain straight line 7 in the 


following manner* (Fig. 1). 


ON THE FUNDAMENTAL PROPERTY OF THE LINEAR GROUP 
OF TRANSFORMATION IN THE PLANE. 












From the point P to be transformed draw the two tangents to the conic 
KX, and from their points of intersection with the line 7 draw the two possible 
The point of intersection of these two tangents is 
the point /” corresponding to 7 in the transformation. The invariant triangle 
of the transformation is obtained by the three other common tangents of the 


tangents to the conic A’. 


conics A and A’. 


Now it is known that the linear transformation leaves the line at infinity 
Consequently, in a linear transformation, the conics A and X’ 


invariant. 
must be parabolas. 


By construction, or from the fact that every point of the line at infinity is 
transformed into another point of the line at infinity it follows that parallel lines 
are transformed into parallel lines. This property of the linear transformation 
is sufficient to prove in a simple way the well known theorem : 

If in a projective transformation of the plane parallel lines are trans- 
Jormed into parallel lines, the areas of any two corresponding closed figures 


have a constant ratio. 


To prove this we can consider two corresponding triangles J and 4’, how- 
ever small (A BC and A’B’C’ in Fig. 2). Through each vertex of these tri- 
angles draw a line parallel to the opposite side and complete the net formed 
by parallels as is indicated in the figure. 


* For this proposition we refer to an unpublished paper of Prof. Newson. 





FieureE 1. 




















184328 





















4 EMCH. ON THE FUNDAMENTAL PROPERTY OF THE LINEAR GROUP, ETC. 





FIGURE 2. 


Evidently, the points 
O and 0’ 


a, 6,4, 4,6 7, % «-- 
and | 
Oe A Oe ee ee: 


1, 2, 3, 4, 5, 6, 7, 
and . 
1, %, 3, 4, 5',6,7,...; 


and the systems of parallel lines through these points are corresponding points 
and systems in the transformation. 

Thus, the plane // is divided into a net of equal triangles and the corre- 
sponding plane //’ into a net of corresponding equal triangles, such that any 
two corresponding triangles, or closed figures consisting of corresponding tri- 
angles, have the same constant ratio. 

From this follows that any closed curve in the plane // includes the same 
number of primitive triangles and parts of such triangles as the corresponding 
curve in the plane //’. Designating the number of integral triangles within the 
curves by 7, the sum of the fractional triangles within the curves by ? and 
FR’, respectively, and the constant ratio by 4, there is 


hae R 
nA\+Rk — ® 
— - <7 = kh or = p= k 
, >" 
n/\'+h ip 

A +— 
n 


Taking the limits, i. e., » infinitely large, or the triauyles J and J’ smaller than 
any finite quantity, this ratio becomes 

ai a 
=k, which was to be shown. 





* Compare Dirichlet’s Vorlesungen iiber Zahlentheorie, 4th Ed., § 120, p. 310. 








NOTE ON THE GENERAL PROJECTIVE TRANSFORMATION. 


By Dr. E. O. Lover, Leipzig, Germany. 


The general projective transformation in space of three dimensions is an 
operation that carries every plane into the position of some plane. This 
second position of the plane may coincide with the first position ; the trans- 
formation is then the identical transformation. Two planes with their line of 
intersection will be transferred to the position of two planes with a correspond- 
ing line of intersection ; hence every right line is carried into the position of 
some right line, i. e. the family of «2 * right lines in space is invariant by the 
general projective transformation. In general no individual right line is 
invariant, but the family as a whole is invariant. 

It is proposed to make use of this property, namely, the invariance of the 
right line by the transformation, to determine the finite forms of the general 
projective transformation in ordinary space.* 

Let the equations of the right line be those of the two planes: 


EK, ae+by+ez+d,=0, 
KE, — ay + by + 62+ d,=90; 


then without loss of generality these may be taken in their equivalent forms : 


y = 42 -+ b 3 
(1) 
z=er-+d. 
By differentiation and elimination these equations give 
Py . Pz » 
= 0 > = - 
da 7 > dx? (2) 


Then the «* right lines in space represented by the equations (1) are the 
integral-curves of the simultaneous differential equations of the second order 
(2). Hence these two differential equations (2) are themselves invariant by 
the transformation.t 


* The general form of the projective transformation of the plane is derived from the invariance 
of the right line in the plane in Lix’s ‘‘ Vorlesungen iiber continuierliche Gruppen,” pp. 33 et 
seq. —Leipzig, 1893. 

+ According to the theory of invariant differential equations a system of simultaneous differ- 
ential equations is said to be invariant under a given transformation when the geometrical repre- 
sentatives of the given system constitute an invariant family. Thus the criterion that a given 
system be invariant is that the transformed equations shall represent the same family of geomet- 
rical figures that the original equations represented. 
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Now let the general projective transformation be expressed analytically 

by 
%=9(%,y,2), A=VS(#X,Y, 2), 4 — (2, y, 2). (3) 
Then the transformation (3) transforms right line into right line, when g, ¢ 
and w are such functions of «, y, 2 that the differential equations (2) have the 


same forms in the new variables, namely, 


ay, 


din; 


LO] 


d*z 
—- yy" —90 1 : we 4 
i: ° €22 ' : (4) 
as they had in the old variables z, y, z. This condition (4) furnishes a means 
of determining the forms of the functions ¢, ¢/, w. 
Equations (3) give by differentiation 


I, /, f I, ~’ 
dy, — Fe t fy + YA 


dx, ont Gy + $e 


b 


dz, _ o, + wy + of 
dz, 2 + gy + G2 
Further, 
dy, 
@y, “dn, de, 1 | 


gga —- —— a! 4, - 9 h, f 
: : = - nal(Cy + Cyy + O22 + La 
dz,’ dx dr (¢y + ¢,y + ¢2 ys i (4 x Cyl Gz ) ( xx ay 


5, ail ial i Oh ata ig jy ft hot } h af 
+ Puy” + oy + 2ey,Y'2 + 2¢ zee + Yk” + YF j— (te + PyY 


+ Get’) (Gan + 2Cyl + Sm” + Guy” + Wyy’e + Waa® + Gee?” 
I ¢2')} 
a (Caf on > J 2Var) - (Cybex a 20 Oxy rae PyPox er 2h Cay )Y ; 
+ (Cex == yn ae Mux - ZY 02x) 2 
T (¢ef wy a 2¢ yxy a 'eLyy — 2b xy) y° 


; 6 y ; OWA \ +2 
a (Gazz + 200 2x aie V'eCz2 = 2 22 zx) < 
| / ! /, / A ee I alot 
“'. 2 (C20 ye T Py'za + Oxy 'xy — F'x¥ yz — SyFzxn — SMay) Ye 
: &. ah 3 —— ° a3 
+ (yyy Sy) Yo + (¢4 zz {'¢22) 2 


if = /, ho 24 fn 
a (SyPzz T 2.4 vz Vy — SEH yz) YZ 
4, | 4, a i oe o's" 
+ (efhoy + 2ul ve S'2F vy 2 yz) ZY 


. , ~ , 1 oy My 
since 7” = 2” = 0, where V = : a ¢, = ‘ — —- 
: Gate teey’ "dx? To oat? 
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Similarly 


d*z, 


da? 


— / g! J r — , 
= NV {(¢,0,, — Ore) + (CyOrr + 2¢,0,, — Ore — 2 yy) Y 


_9 zs 
20,022) < 


+ (G2 gz + 26,02, — OL gy 
6 rn 

+ (Gry, + 2 yxy — O29 yy — 2OC ry) Y 

}- (xz, + 20,02, —_— OP 22 —_ 20,027) 2 


+ 2(¢,0,, + Cy + 


G24 zy — OP yz — OyP22n — OL py) Ye 


(¢ O,, — O20 22) 2 


> 
7 2 


3 
a (Cy, se OL yy) Y + 


2 


+ (Gyz2 + 2¢,0,, — W,0,, — 2uy,,) 2 


+ (C:Oyy 


2) 


6 9 "a f2 
2¢ 0y2— OP yy — 20 yz) 2 Ys. 


(7) 


These expressions (6) and (7) must be equal to zero for all values of z, Yy, 2, 


y', 2 by virtue of y,” = 0 and 2,” = 0. 


2” be invariant are given by the following 
tions : 











Vaan ae Yeux = @ ’ ) 
Puan — Megan = 0, 
Pol vy ae Yul vy = 0, 
Sy w — Ly = 0 ’ 
G42 oF PLrz : 0, 
E202, — Of, = 0 :] 
Eyer — VyPuxe + 2(Gefhey — Pe¥ey) = 9, ) 
Cyxxr — Oxy + 2 (G20, — OC x,) = 9, 
Pen — YPr2 + 2 (C2 ex — $2%2) = 90, 
Gr, — Ore + 2(¢202, — WP,,) = 0, 
"a 
G2 yy iis YePuy + 2 (Gary =>) PyPxy) =0 ’ 
Px yy — VG yy + 2 (Cyr — Ory) = 9, 
Cx 22 as PrPzz oe 2 (C2 2x — Pez) = @ ? 
— O82, + 2 (¢,02, = O8zx) = 0; 





Therefore, the conditions that y” and 
system of partial differential equa- 


(8) 


(9) 
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h h Do dh a 
GyV2z2 — S'yFzz + 2(¢ 2 yz — $'¢ we = 0, ) 
Ey — MP2 + 2A¥My — OL) =9, 
rh =e tt Vile oh 3 ee — 
Fx yy G24 yy 4 2 (CW yz yz) = 0, 
> (10) 
FY yy — OF yy + 2(¢ Oy — OF y2)= 9, 
rh hoo rh — hh | _— 
Exh'yz — VaF yz + Cyt'zx Cy zx + Pei xy ay = 0 ’ 
-_ 
PxOyz — OxPyz + CyOrr — OyLex P20yy — OM y = 0. 


Hence, in order that the equations (4) may represent the general projective 
transformation in three variables it is necessary and suflicient that the func- 
tions ¢, ¢ and w satisfy the system of partial differential equations (8), (9), 


(10). 


Then the integration of this system will give the forms of ¢, ¢ and o. 


From the equations (8) it follows that 


. 
Olog by _ 


Moe ¢ 
© log ¢, 


‘ 
Slog w, 


“ “ A bd 
cw ew cw’ 
Slog, Slog ¢g, _ slog a, 
a rs a 4 ? 
cy cy cy 
Slogy,  Olog¢g, _ ¢ loga, 
i. =; A 2» — , ” i 
Cw Ce Ce j 
Therefore, 
Bl cia > a oe ees ~ . i I (mn 
v. P(y, 2)- Gz s Yy = GY (z, %)-.¢,, vz = ki (v7, Y)-¢2, 
(11) 
ao, 8(y,2).¢9,, «= D(z, 2). Gy, @ = U(x, y)-¢ 


in which 7? and S are functions of y and 2 alone 


Rand U of « and y alone. 


By substituting these values in equations (9) 


(P — Q) ¢ax¥y 
(P — Q) Gir 
(P— BR) Gare 
(P — R) gz 
(S— 2) Gr¢y 
3 — 0) gary: 
3 — U) he 


— YT’) CyySx ~ 


; Yand 7’ of z and « alone; 


the latter become 
+2Pee=0, 
oF 20,0, oo a 
+ 2P.¢ = 0, 
ses 2h¢? = 0 ‘ 
(12) | 
+ Wg, = 0, 
27.7 =0, | 
+ 2U9¢/7=0, , 











LOVETT. NOTE ON THE GENERAL PROJECTIVE TRANSFORMATION. 
Further, since ¢,,, = (yrs Vxz = Vex» Ory = Ops +++, equations (11) give 
(P— Q) Pry 5 Pex ail Qe, =0 ) 
(P — Rh) Pxz i Pg, — Rg; = 0 ’ 
(Q at le) Gyz + Coy = Lig: = 0, 
(S— 1) ¢a + Sype — Lg, = 9, 
(Ss 9 U’) Cxz + S20, as U.¢, = 0 ’ 
(L—U)¢y+ Te, — Uy, =9. 





(13) 


By differentiation of the equations (12) partially with respect to 2, y, a, 2, x, y, 


x, 2, respectively, we have the following relations : 
Qs¢ 24 —(P — @) Gam¥y + FarFav) — Pagar = 9, 
Pypwite + (P — Q) Gunite + PuiPev) — 40Pvow = 9, 
RiGaxez — (P — BR) (Gaae$e + Fax$ez) — 4P favre = 9, 
Pgier + (P— BR) (giles + $efaz) — Aga = 9; 


(14) 
(15) 
(16) 
(17) 


together with four similar equations in which S, 7, U, take the place of P, 


Y, 72, respectively. 
Equations (12) and (13) give the following : 
eee. 2P ge 
7X2 (P— &)¢,’ 


‘ QiPy —f Vx 


Gay = Pp- Q ’ 
WP Oe, 
, — fy, — Paz 
Ys: = P—kR ”’ 
22,97 


Fa = (P = R)e, r 
Substituting (18) and (19) in (14): 
V.9, -2P ie, P 
wefy >“ We 1 — Q) Cre 
(P—@¢, + § 2) Paxx$y 
es 2Pryga’ (Oh y cai Pez) of BPP yee =0 , 


(P— Q)¢, (P— @)¢y 





(18) 


(19) 


(20) 


(21) 


(22) 


(23) 
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Substituting (19) and (20) in (15), 


Pe, .2Q.¢/7 
vf d 7 + (P a Q) Cyyy$x 


(P— @) vx 
20.¢,' (Qigy — Pygs) _ 8Q.¢/Q.¢,/ 
iy 27 Vu a] _ “Tu iv —(, 94 
= (P — Q)¢, (P— @)¢, ( ) 


Substituting (21) and (22) in (17), 


Pw, ° 22h? 


¢ : Ps Mie. 
(P— Ly ¢, + (PB — 1) Gees 


8Re,. Rye _ 


4 sg * tp Fite) — Ste Pete — 0, (25) 

These equations become, after obvious reductions, 
fo = (Peg @0 
oe ep (28) 


fa: = (P Bie Ry" ¢, 


Solving the first, second, and fourth equations of (12) for P,/(P — Q), 
Q,/(P — Q), R,/(P — BP), respectively, and substituting in the last three 
equations, they become 


_ 


Pure __ 3 rx Suv 3 Euu Gzzz _ 3 Gzz (29) 
r 6 P g “i. r aie : 
Fre 2 Cx Guy 2 Fy zz 2 2 


9 » 
. . Bisees . | fey 
Integrating these equations we have, ©*%, a function of y and z alone; £% a 
x Fy 


9 


. Pa . . 
function of # and z alone ; © a function of z and y alone. The same is ob- 
~y 


* | f ae © 1 1 1 
viously true of Ld uu Fz. therefore the integrals of these —., —,, —, are 
Pe. Py $2" Gu" Py? Pz" 


linear in 2, y, and z respectively ; and therefore ¢,, ¢,, ¢, have the forms, 


1 1 1 
Ly a Se Fis? ey == > ———_ as Dz = ae ; 30 
¢ (ax + py Fy (ry + dy ¢ (ez + ¢)/ _ 


in which a and f are functions of y and 2; 7 and do are functions of z and 2; 
e and £ are functions of # and ¥. 
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These give ¢ the forms, 
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1 a _ met 
ax -+- p + 4 (Y: 2), oF sips ax + p’ 
1 ' jy +o 

. i (2, 2 », org = — =} 
yt+e bi ) 4 ry +0 
1 wz +7 

+ ¢(@%, yYy), org =* : 

zie (2, y) ate 


where x, », a, 8 are functions of y and z; 4, 0, 7, 6 are functions of 2 and 2; 
#4, 7, ¢, € are functions of x and y. 
Therefore ¢ has the form of a fraction whose numerator and denominator 


are linear in 2, y, and 2, that is 


ae + by + c2 + 


age + by + eg + 
similarly 
b= aye + by + eg + 
, ae + by + gg + 
anc 
a au + by + €32 + 
age + by + eg 4 


It will be noticed that the denominators of 


lows from equations (11). 


D (x, Y, 2) 
z) M (x, y, 


a (#5 Ys 


d, + eye + fizx + gary + hynye , (31) 


d, + eye + fee + gary + hayz 
d, + eye + fx2@ + gory + hyryz (32) 
dy + eyz + fze + gary + haye’ 
d, + ey2 + fr + gry + hsry2” (33) 
d, + ey2z + fee + gay + Aywyz 


¢, ¢ and w are the same, this fol- 


For, supposing 


, and ¢ = E(x, ¥, , (34) 


’ 
we le 


whete D), F, L, M are functions linear in x, y, and 2, then the equations (11) 


give 4 
¢,_ LT? (ME, — EM,) _ py, .. 
¢, M* (LD,—DL,) — Py, 2); (35) 
(i, .. Ri 8M 2. os. 
g, MM? (LD,—DL,) ~ Q (2, 2); (36) 
db, = 1 by (ME, — EM.) — (x, y). (37) 


¢g, M? (LD,—DL,) 


But, since D), F, L, and M are linear in z, y, and z, the parentheses in (35), 
(36), (37) are themselves functions, respectively, of y,2; 2,2; 2, y. Therefore 
(35) says that Z and J are the same as far as x is concerned, (36) that they 


have the same form relative to y, and (37) that z enters both in the same man- 








(9) and (10) may be satisfied. 


“%=—¢ (x, Y: z) 


ivy 
— 


A= (ey 


2, = w (2, y, 2) 


dinary space. 


As before we have 


J 
may be written in the form : 


Then 
Ark 
dx? 


ae 


Ay 


Re 4 


i 
dy 


ae 
3 


ad yl 


= 0 . 


X, = G(X, 2, ..- 


— hy 
by 


+ by 
+ by 
bsy 
by 


The method here employed may be 


t, = a,2, + b,. 





Therefore, finally, ¢, ¢ and w have the forms : 


| 
+ 


— 


J 2p) * 


C2 + 
Ce 

Co + 
Cz + 
C.2 + 
Ce + 


Let the transformation be represented analytically by 


This is a system of (x — 1) equations in x” variables 2, x, .. 


Ei =4,,% + 4,.%,+...+4,2,=0, j=1,.. 
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ner; therefore Z and J/ have the same form and can differ only by a constant 
factor. But a constant factor will not change the nature of the transformation, 
since it can only change the coeftticients and all of them in the same ratio. 

If now the forms (34), (35), (36) be substituted in the equations of condi- 
tion (9) and (10) it will be seen that we must have e, = f, = g, = A, = e, = 
fp = =h,= 6 =fp=9 =h = 4 =f =nA= h, = 0, in order that 


(38) 
(39) 


(40) 
as the analytical expressions of the general projective transformation in ordi- 


It is possible to determine the finite and infinitesimal forms of the trans- 
formation directly from its definition, namely, that it leaves the plane invariant, 
or more strictly the family of 2 * planes in space is invariant by the transfor- 
mation. Thus g, ¢/, and w might be found from the conditions that the equa- 


O24 32¢ 224 

. ec LY LY . . . 

tions =0, ~~ =0, — =), the differential equations of the plane, pre- 
ou? Oncy oy? 


serve their form in the new variables 2,, y,, 2,, but the process is much more 
complicated than the one used above. 
extended to the case of 2 variables and the determination ef the finite forms 
of the general projective transformation in space of x dimensions. 


.n—l1. 


x, and hence 
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Then the condition of the invariance of the right line is given by 
2, —0 k=2,...,. 


for all values of x, and z,;. Hence the conditions : 


Fi, 2, $5, xx, oar $i, x, Pi, x 2, =e 0 P 
0, 


$1, x5, 2,2, + 261, 2,8), aa, — F,e¥1, 2,2, — 20;,2,F1, 22, = (41) 


G1, 29 ),a,2, + $1, x, Fj,x,2, + $1, 2$i,2,, 
— Y,afi, 22, — Gi,2f1,22, — Gefen, = 0. 


a, Js k, l — 1, se s6 nr. 
And, as in the preceding case, 


a, 12 si Qj, 2X2 + eee + Qi n®n 2 Gi n+i (42) 
Ayr, + Ah, +--+ Ay + Anyy 3 


2, —_ Gi (x, a2 ess Ly) — 


will be found to satisfy the preceding system of partial differential equations. 
Geometrically the relations (42) represent the general projective point-trans- 
formation in space of n-dimensions. Analytically they assert that x functions 
y;, of the variables x, subject to the conditions (41) have the form (42). 

The forms of the infinitesimal projective transformation* may be readily 
derived from the finite forms (38), (39), and (40). An infinitesimal point trans- 
formation is an operation by which a point is carried into the position of some 
point at an infinitesimal distance from the original position. Two transfor- 
mations are inverse the one of the other when a point finds itself in its original 
position after the successive application of the two transformations, i. e. a 
transformation followed by its inverse gives the identical transformation. 


Solving (38), (39), and (40) for x, y, and z, we have 


— ay, + by + C2 + d) (43) 
aye, + b/y, + ofa, + a, 

a aja, + by, + ez, + a, 44 

i ae, + by, + (4 + dy’ a 

i <n asx, + bry, + ey2, + a; (45) 


ajar, + by, + oa, + d/ 

* The notion of a projective transformation dates back as far as Apollonius. The designation 
‘* projective ” appears in Poncelet’s “‘ Traité des proprietés projectives des figures ” 1822. Mobius 
gave the first analytical representation of the projective transformation, and in homogeneous co- 
ordinates, in ‘‘ Der barycentrische Calcul” 1827. But the idea and theory of infinitesimal trans- 
formations, of which the infinitesimal projective transformation is but one type, are due to Lie. 
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The transformation (43), (44), (45) is the inverse of that represented vy (38), 
(39) and (40), and has exactly the same form as the latter. Then the group 
of all projective transformations in ordinary space contains the inverse of 
every one of its transformations. The successive application of the above two 
transformations then gives 


Ras, Ree, & zs, (46) 


the identical transformation. It follows, therefore, that by proper choice of 
the constants (38), (39), and (40) should reduce to (46). This choice of con- 
stants is obviously expressed by the system of values below : 


qa=axl, £8, 4=—6, @ = 6; 
a8, & =1, god, Ga; 
ea=0, iw, g=l, &=d; 
a,=@, 5, E26, d=. 


I 
° 


Hence, since this system gives the identical transformation, to obtain the in- 
finitesimal transformation* it is only necessary to set in (38), (39), and (40) 
values differing by an infinitesimal from the above. Then, if d¢ be an infini- 
tesimal, and «,, 4, ..., arbitrary constants, the following are the values of the 
constants in the infinitesimal point transformation in three variables : 


a4,=l+asét, b = £4, G =e, d, = 64 ; 
= apt , 64=-1+ A)0t, «=—7,0t, d, = €6t ; 
a,= 4,0, = 2, GAxzl+y7e, d€- dn; 
a,= af, b, = fot, G—=uye, d,=1 + dt. 


By substituting these values in (38), (39), and (40), they give the following gen- 
eral expressions for the infinitesimal projective transformation in space : 


e+ (ae + fy + 742 + 4,) dt 


xv — r ’ ‘ 

, 1 + (aa + py + 72 4+ 4) dt’ 

nat et dat ret aa an 
1 + (ae + yy + 72 + 4) ot 


2+ (a0 + fy + 732 + 05) ot 
; = Coa 
1 - (a,x —- fa + te + Oy) ot 
* See Page’s article on ‘“‘ Transformation Groups,’ Annals of Mathematics, Vol. VIII, No. 4, 
p. 121. 


wv 
| 
| 


| 
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But, as far as terms of the first order in d¢, 


1 


iss lett ee * Ot et te. 


Therefore, as far as terms of the first order in 0¢, 
2, = & — (ar + yy + ye + 04) edt 4+ (ae + fy + ne + 4) dt,—7 
= y — (me + Hay + re + 44) yOt + (ae + Ary + 12 + 4,) dt, (48) 
a= 2 — (aye + By + re + 94) 20t + (ase + jy + 792 + 45) Ot. 


a =a2-+ {0 + (4, —O)e + By + ne — an? — Ary — zea} Ot, 
y= y+ {0,4 ar + (2, —O)y¥ + 72 — ary — By’ — ryz} Ot, (49) 
2= 2+ {0,+ ae + Ay + (7; — 0)2 — aaz — Bye — 7y2"\ Ot; 


where a, 3, 7, 0 are arbitrary constants and d¢ an infinitesimal. 
By taking the following values of the constants : 


6,.=a, a—d,=—e, =A, m=k, —a=n, 
y y . 4 

a, = 6, ao=f, p—d&=?, R=, ~A=p, 
__—s te 3,=7 = Ps 
Oo,=—C, = =f, RSLs ea es i eK Ls 


the relations (40) take the following convenient forms : 
a =a+(a+ ex+ hy + kz + na® + pry + gen) dt, 
W=Yt+h+ fe+ ty + @ + ney + py + qy2) st, (50) 
4=24+ (e+ ge+ jy + mz+ nzz + pyz + ge) Ot, 


the final expressions of the infinitesimal projective transformation in ordinary 
space. By it the coordinates x, y, 2 receive the increments, 


Ox =—2%, — ze 


(a + ex + hy + kz + na® + pry + gen) dt, 


fe + iy + le + nay+ py + qy2) at, (51) 


Sa 


y= hi F 


8 
0 


(+. 
(ec + ge + jy + mz + nxez + pyz + qe’) dt. 


NY 
7 
2 


a 


bs 


i 


Any arbitrary function / (2, y, 2) will receive the increment 

awa A a) 
p= FT tei Sag a Fe 
; ow cy c2 
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by the transformation ; or 


of 
F = 


ot 


Q) 


dx, Of dy , of vz 


xe ot § dy at oz Ot- 


9) 


Now putting KA = Uf as a symbol of the operation, we have 


_) |) 
= ~ 


cS 


Uf (a + ew + hy + ke + na? + pey + gee) % 


+ (b+ fe+ity+ le + ney + py + gy?) 
+ (¢ + gu + jy + mz + nee + pyz + 92) z. 


as the general symbol of the general infinitesimal transformation in ordinary 
space, and this symbol defines the transformation completely. It is also noted 
that there are 2 “ infinitesimal projective transformations in ordinary space. 
Uf above contains fifteen arbitrary constants, but since df is an arbitrary in- 
finitesimal we may divide the expression for (/f through by one of the con- : 
stants that is different from zero without altering the transformation ; hence 
there are only ©“ infinitesimal projective transformations in ordinary space. 





Leiezia, November 1, 1895. 


















ON THE EXPANSION OF A FUNCTION WITHOUT USE OF 
DERIVATIVES.* 


By Pror. W. H. Ecuots, Charlottesville, Va. 


1. Let /'(z) be a uniform, finite, and continuous function throughout the 
interval from 2 =a to x —¢, inclusive. If the successive derivatives are also 
uniform, finite, and continuous, the function will be called a Taylor’s function 
when it can be expressed by Taylor’s series throughout the interval (ac). For 
the present we consider /'(z) to be a Taylor’s function. 


Let 
{ F(z) = { F(x) dz , 


a 


x 


f, F (#2) = fae {Fw ‘™ 


a a 


“4 vf, F(z), 


= J 


a 


f, F(x) =feof F(z), 


a 


and generally 


be called the successive definite integrals of / (x) with respect to the base a, 
or briefly the successive integrals of /’(2). 
2. If the function /’(x) and its first 2 successive integrals vanish at z = c¢, 


then must the function /'(z) vanish x +. 1 distinct times between @ and c¢, 
inclusive of ¢. For, 


(F() o fae {. F(a) 


. 
=(¢ — a) { F(u,) ax<u<e 
e/n—1 


=0Q. 
Therefore 


" Fle) =0, 
forxz =u, But 
F(x) = 0 P 


e/n-l 


* Read before American Mathematical Society, at Springfield, Mass., Aug. 27, 1895. 
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for x = c, and 
uu 


. f. F(«) =f ae 2 F(a) + fae cs F(z). 


Also 
f. Fu) ={ da f F(z) 
= (u, — a) F(u,) 
= @. 
Consequently, 


for x = u,, and therefore must 


c 


fae - F(x) = (e — mf, F (us) 


Uy 


—0, 


f_,F7o=9, 


for the three values of , viz. u,., Us, ¢. 
Proceeding in like manner, we show that 


S., F(z) =0, 


and we have 


aU Uy 


Uy << Us LC 


for 7 + 1 values of x between « and ¢, including ¢; and finally that 


F(x) = 0, 


for n + 1 values w,, w,,..., U,, ¢ of # in the interval (ae). 


3. By a theorem of the Differential Caleulus,* when /'(z) is a Taylor's 


function in (ac), we have 


F(x) = (w& — uw)... (@ — u,) (ce — 2) 


Fy) ; 
(w+ 1)!’ 


and since we may write x — wu, = 4,.(e — a), and ¢c — « = # (e — a), wherein 


the absolute values of @,, 0’ lie between zero and unity, we have 


Fv*i(a) 


"(an — §rt(p —_— n+l 
F(z) = 0™'(e a) in + 1)!” 


wherein 0 < @ < 1 and ~ lies in the interval (ac). 


*See Laurent, Traité d’Analyse, t. i; or Annals of Mathematics, vol. viii, p. 74. - 
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WITHOUT USE OF DERIVATIVES. 


4. The function 
J (@) ’ ¢,(«) ’ oes En4i(2) 


J(e), PED. as €n+1(€) | 
Si. F(e), SN ¢,(¢) ’ ose 9 SEn+(€) 


Si tT (©) ’ :* ¢,(c) ’ eee, Sn$nai(©) 
F(x) = 
| ¢i(¢) SA: AC), --6, Sr€n+i(©) 


vanishes, as well as do its first n successive integrals at x = c. Consequently, 
if the ¢g-functions are Taylor functions also, 


S@) =F Agfa) + mH EON Fraryu), 





+ 1)! 
in which the coefficients of the ¢-functions contain only definite integrals. 
5. Let 
1 fe—a ] 
Frei(#) = r! rE a | , 
Then, 


Fe(u) = fu), 


and we have 








(2) 1 [e7—a) 1 f#—a)? 1 f*#—a\" 
¢ , >Ilje—a}’ 21 jce—a}  alle—a] 
1 1 1 1 
ee + eo eww oS 
1 1 1 1 
sa ‘nm UMC a1 (a + I)! 
1 a. oe 1 1 1 
Cy ACE | eae) 
1 1 1 1 
am. (_ r(c), al’ (m+! ’ (w+2yl’o'”’ (2n)! 
/1 11 1 lates 


| O17 21° 4177? (Qn)! 






















a= a)** Sgn pint (w), 
































ECHOLS. ON THE EXPANSION OF A FUNCTION 

or 
4 v (— 1) 1) F (a ro a | ; (€ —_ a)" m+1 n+l ‘5 
J(@) Z* r! le—a) ¥ (xn + 1)! z J (x), ) 

or 
‘nit (¢ ne a)"t n+l #'n+1 o. 
f()= fa, TS. FO + pr Ot FAH) (ii) 

wherein 

a d(r, p) Sy Fe) rao 
A, = ef 1)? ae in (i) 

or 


n 


A, = 3 (—1y 2GP) 0 2a 8)", in (ii) 
p= J Lé — a) 
and J(m, x) is the per-symmetric determinant 


1 1 1 


4 orate? Qn)!’ 


with its 7th column and xth row deleted. 
Since 


fa) = fla) + * Fr +S reo 


we have 


a+ t—2 lO, e-— 7 Of 
caw JSSO=; Ao 4 1! Se 9) @+h(r TH y 


which becomes evanescent as 7 increases without limit, as does also 


{pp _—_ gy\ntl 
(¢ a) Grr! fatl(w) 


(n + 1)! 
when n = @. 
The series 
v . (ax — —a)\" r oe 
pete ?! ‘Le —da J and r=o (€ oy ST ) 


are absolutely convergent. If the number [J(7, »)/J],—, has a finite limit, 
the series (i) and (ii) are convergent infinite series. Unfortunately, I have not, 
as yet, been able to compute these numbers, and thus put the series in practi- 
cable form. 

6. Under the assumption that [J (7, p)/4],—, is finite, we have 


poo ba fee)" (iii) 
r=0 | Le — ay 














WITHOUT USE OF DERIVATIVES. 


throughout the interval (ae), and 


oy As 
IW) = GF 








for f(#) any Taylor’s function. 

The coefficients A, nowhere involve derivatives, but only numbers and 
definite integrals. If f(x) be uniform, finite, and continuous, but derivative-: 
less throughout (ac), its successive integrals still obtain, and the numerical 
equivalence between the function and the series (iii) still must hold good. But 
the series of integral powers of (# — a) represents a Taylor’s function having 
the same arithmetical locus as the function f(x) throughout (ac). The result, 
geometrically interpreted, is that we have drawn a Taylor's function curve 
having the same geometrical locus as the analytical function /(2) throughout 
(ac), and the tangent to the Taylor’s curve at any point x, represents the geo- 
metrical direction of the analytical curve there, which direction is analytically 
indeterminate.* 


University oF Virernta, April, 1895. 
* The possibility of the assumption that a Taylor’s function could have the same geometrica! 


locus as that of a uniform, finite, continuous, and derivativeless function, was not approved of « 
the reading of this note before the Society. 






















ON SYSTEMS OF SIX POINTS LYING IN THREE WAYS IN 
INVOLUTION. 


By Pror. H. Mascuke, Chicago, II. 


In the following paper a system of 6 points will be studied which are in 
involution in three ways such that no pair of conjugate points occurs more 
than once. Sextuples of points of this kind are of importance for several 
mathematical problems. They not only occur in geometrical investigations, 
as for instance in the theory of multiply perspective triangles, in Clebsch’s 
hexagon, in the metharmonic division, etc.,* but also in analytic researches.t 
As shown in § 1, the theory of these points is identical with the theory of the 
dihedron for x = 3. In most of the above mentioned problems those cases 
are of peculiar interest in which some of the anharmonic ratios that can be 
formed out of 4 points contained in the sextuple, have real values. To these 
cases the greater part of the present paper is devoted ($$ 2-5) ; in particular, 
the case in which all the 6 points are real is studied in § 5. 


$1. THE GENERAL THEORY. 


If 6 points, defined in the plane of complex numbers by the values of a 
complex variable z, are in involution, there exists a linear transformation of 2 
of period 2 producing the required correspondence of the 6 points in conjugate 
pairs. 

If the 6 points are twice in involution in such a way that the two involu- 
tions have no pair of conjugate points in common, then the notation of the 6 


points 1, 2,..., 6 can always be arranged so that the first involution can be 
written 

S : (14) (26) (35), (1) 
the second 

7’: (15) (24) (36). (2) 


Denoting the lineaxy z-transformations corresponding to (1) and (2) by S and 


* Besides the references given below in this paper, cf. Rosanes: Ueber Dreiecke in perspecti- 
vischer Lage. Math. Annalen, Bd. 2, p. 549; Schréter: Ueber perspectivisch liegende Dreiecke. 
Math. Annalen, Bd. 2, p. 553; Fuortes: Dimonstratione di due theorimi di geometria. Battaglini 
G. IX, p. 50; E. H. Moore: A problem suggested in the geometry of nets of curves applied to 
the theory of 6 points having multiply perspective relations. American Journ. Vol. 10, p. 241. 

+cf. Hutchinson: On the reduction of hyperelliptic functions to elliptic functions by a trans- 


formation of the second degree. Thesis, University of Chicago, 1895. 
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7’, respectively, we find that the transformation S7'S, also of period 2, pro- 
duces the following involution : ' 


STS : (16) (25) (34). (3) 
Hence we have the theorem, 

If 6 points are twice in involution in such a way that the two involutions 
have no pair of conjugate points in common, then they are always a third 
time in involution. 

When S and 7’ are combined in all possible manners, only 6 distinct 
transformations are obtained. Besides the identity and (1), (2), (3), we shall 
have the two following :— ; 

ST’: (123) (456), (4) 

(S7’)?: (132) (465). (5) 
These 6 transformations as well as the 6 corresponding permutations of the 6 
points form a group, the well known dihedron-group for » = 3. 


Let 2,, 2, ..., 2, be the values of z in the 6 points 1, 2,..., 6, and 
gy (z) = (2 — 4) (2 — 2)... (2 — &); (6) 
then ¢(z) admits the linear transformations of a dihedron-group, x = 3, 


i. e. if the 6 linear, homogeneous substitutions of a certain dihedron-group 
are applied to 2, and 2,, ¢(2) remains unaltered, when written in the homo- 
geneous form by putting z = 2,:2,. We will therefore call these points siz 
dihedron-points. 

We now describe a sphere with radius 1 and with the zero-point O of the 
z-plane as center, and determine a point ? on this sphere by rectangular co- 
ordinates ¢, 7, £, where the plane £ = 0 coincides with the z-plane, and the 
§-axis with the axis of real numbers. If then V denotes the point of inter- 
section between the sphere and the positive direction of the ¢-axis, # the angle 
NOP, and ¢ the angle between the plane VO/ and the ¢-£ plane, we have 


= sin 4 cos ¢, ] 


wy 


SN 


= sin @sin ¢, > (7) 


mo 


= cos 4; J 
and the projection of ? from JV on the z-plane is determined by 


++ oy* e* . sin @ , 
1—¢ 1 — cos 0 
or 
z= e%, cot 40. + (8) 


* cf. Klein, Ikosaéder, p. 32. 
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Let now the sphere undergo the rotations of a dihedron-group, » = 3. 
An arbitrary point ¢, on this sphere may be transferred to a, and a, by a rota- 
tion of 2 z and 4 z about the ¢-axis. Let a rotation of z about the €-axis 


transfer @, to a, a, to a, and «a, to a,. The projections of these 6 points from 
N are then defined by the following values of z which we will denote by capi- 
tal letters : 

4Z4,=e%cot44, Z,=e¢*%tan} 6, 


Z, = ce* cot 40, Z,= ce-* tan} 0, > (9) 
Z, = *e% cot 40, Z,= #e-* tan} 0, | 
where ¢ = ¢3", 
Putting now 
O(z) = (2 — Z,) (2 — Z,)... (2 — 4), (10) 
we find P(z)=2—m2?+1, (11) 
where m = e* cot? 4 0 + ce tan? 40. (12) 


To this form # every binary sextic which remains unchanged for a dihedron- 
group, 7 = 3, must be reducible by a linear transformation.* 

The configuration of the 6 points Z,, Z,,..., 4, (9) consists of 2 regular 
triangles with the common center ( ; it will be called the normal-position of 
6 dihedron-points. 

We have now the theorem, 

Tf 6 points are twice in involution in such a way that the two involutions 
have no pair of conjugate points in common, then they form a sextuple of 
dihedron-points and can always be transformed by a linear substitution into 
the normal-position of 6 dihedron-points. 

Those 6 linear transformations which convert the 6 dihedron-points of the 
normal-position into themselves, are given by 


g¢=2, s=a, ¢=Ff3, (13) 
and f=t/s, J=e0/s, = #/s. (14) 


The three latter are of period 2 and represent the three involutions (1), (2), 
and (3). The double points of these involutions are obtained by putting 2 = z 


mo 
iN] 


2 


in (14), which gives 2 = + 1,+¢, +. Hence 
The double points of the 3 involutions of 6 dihedron-points in the nor- 
mal-position are entirely independent of the special position of the point a, 
on the sphere, 7. e. of 0, ¢, and m, they represent on the equator (intersection 
between sphere and z-plane) a regular hexagon: 2 —1 = 0. 
* cf. Klein, Ikosaéder, p. 49, and Bolza: On binary sextics with linear transformations into 
themselves, American Journal, Vol. X, p. 49. 
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$ 2. ANHARMONIC RATIOS. 


The anharmonic ratios of the quadruples of points contained in the di- 
hedron-sextuple have, in general, complex values. Of special interest are 
those cases in which some of these ratios are real, and, in particular, harmonic. 

Lhe anharmonic ratio (12) (34) of 4 points 2,, 2,, 2,, 2, in the complex 
plane is defined as 


(19) (84) = 2 — >: 


2 %s 


w 
w 


- 


4 


N | 


(15) 


The necessary and sufficient condition for the reality of this anharmonic ratio 


ty 
ivy | 
a 


2 4 

is that the 4 points lie on a circle, and in this case the above defined anhar- 
monic ratio is identical with the anharmonic ratio of 4 points on a circle (conic 
section) as defined in projective geometry.* 

The projection of any circle of the sphere from JY on the z-plane is again 
a circle, and a circle on the z-plane remains a circle if any linear transforma- 
tion is applied. 

We have therefore to find out those cases in which 4 of the 6 points a, 
ay, ..., a, on the sphere lie on a circle (are concyclic). Unless all the 6 points 
lie on the equator, the circle passing through the 3 points a@,, a,, a, on the 
upper hemisphere cannot contain any one of the 3 other points. A quadruple 
of concyclic points can therefore consist only of 2 points of the upper and 2 
points of the lower hemisphere. An easy geometrical consideration gives then 
the 3 following possibilities for the existence of concyclic quadruples :— 

1. The points 1, 2, 3, of the upper hemisphere lie perpendicularly (with 
respect to the equator) above the points 4, 5, 6 (in this order) of the lower 
hemisphere, corresponding to ¢ = 0, or ¢ = z (@ arbitrary). The 6 points 
form a right prism. 

2. The 2 triangles 123 and 456 lie symmetrically to each other, corre- 
sponding to ¢g = + 47,447, + 3 (@ arbitrary). The 6 points form an 
oblique octahedron. 

3. All the 6 points lie on the equator, corresponding to 6 = } z (¢ arbi- 
trary). 

In the two cases, 1 and 2, the 3 quadruples (1245), (2356), (3164) lie each 
on acircle. The anharmonic ratios of these 3 quadruples taken in correspond- 
ing orders are evidently, as the figure on the sphere shows, equal, also in the 
general case without any specification of the values of g and 4. Denoting 


(15) (42) = (26) (53) = (34) (61) = 4, (16) 


*cf. Klein: Einleitung in die geometrische Functionentheorie. Autographirte Vorlesung, 
1880-81, pp. 42 and 43 With regard to the geometrical interpretation of anharmonic ratios cf. 
Moebius: Die Theorie der Kreisverwandtschaft. Crelles Journal, Bd. 52, or Gesammelte Werke, 
Bd. II; and Wedekind: Beitriige zur geometrischen Interpretation binirer Formen. Math. An- 
nalen, Bd. 9. 
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we find from (9) and (15) 
A= — $(e* cot § 6 — e—* tan } 4). (17) 
Eliminating e cot 4 @ between this equation and (12) we obtain 
m? = (4 — 82) (1 — 34), (18) 
A(l— AP + J (ww? — 4) = 0. 
We now investigate the 3 cases pointed out above, in succession. 
§ 3. THE 6 DIHEDRON-POINTS ON THE SPHERE FORM A RIGHT PRISM. 
Since we have in this case ¢ = 0 or ¢ = 7, it follows that 
m = + (cot? } 6 + tan’3 0). (19) 


The form # (z) = 2° — mz* + 1 represents therefore this case, if m takes any 
real value between + 2 and + o or between — 2 and — o. 
It is now sufficient to consider only the case ¢ = 0. We find from (17) 


A = — 4 (cot § 4 — tan } AY, 
which reduces to 


A= — $ cot? @. (20) 


The 3 circles in which the 3 rectangular faces of the prism meet the 
sphere, intersect each other at equal angles. Denoting this angle by a, we 
have to find the connection between «a, 4 and /. 

The angle a remains unchanged by the projection from the sphere on the 
z-plane, and also by any linear transformation of the z-plane. To the normal- 
position representing our case (see Fig. 1) we apply a linear transformation 
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that converts the two circles (1452) and (1463) into straight lines, while the 
axis of real numbers remains unchanged. This is done by the transformation 
1 


2.=> Oy (21) 


Q | 


The point 1 is transferred to infinity and we obtain Fig. 2. 


Axis of realaumbers__ Pa eA sill 





Fia. 2. 


The connection between the anharmonic ratio 4 (16) and the angle a can now 
be found in the following way :— 

Draw the tangent to the circle in point 5 meeting the line 46 in point a. 
Then Z 45a =a. The anharmonic ratio of the pencil obtained by joining 
point 5 to the 4 points 2, 6, 5, 3 on the circle is also = 4. The intersection 
of the 4 rays of this pencil with the line 13 gives the points 4, 6, a, 3. Thus 
we have 

A = (46) (a3) = (34) (61). 


Denoting the distances 4a = 7, 46 = s, 43 = ¢, taken positive in the direction 
from 4, this double-equation becomes 


? t s—t ; 
——_——— ; == —— =A, 
r—s t—s8 & 
and by elimination of ¢, 
ry 2—A 
e l—a’ 


On the other hand the distance 45 also = s, and triangle 54 is isosceles ; 
whence cos 4 = s 27. 
Thus we obtain the required connection between a and /, 


2—A 
cosa= 5 9) (22) 
= 2 (cos a — 1) (23) 


Yeosa—l1l’ 
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From (20) and (23) we find 


3 — cos’ 4 nen 
cos 7 = 3+ cos? 8’ (24) 
cos # = 1 3.tan fa. (25) 


Equation (24) shows that a varies only between 0 and 4 z, which means that 
the curvilinear triangle 456 lies always outside the 3 circles ; while in the case 
“a > 4x, which is to be considered in § 4 (cf. Fig. 5), the triangle 456 lies in- 
side each circle, the case 4 = 34 representing the limiting case, where the 
triangle is reduced to a point. 

We have now obtained the following result : 

The 6 points of intersection of any 3 circles meeting each other at equal 
angles u, where « <4 7x, constitute 6 dihedron-points , they can always be 
linearly transformed into the normal-position obtained by projection of a 
right prism. 

If 4 = — 1, the 6 points are harmonically divided in the following re- 
markable manner : 


(15) is divided harmonically by (24) , 


ee 
Oe ee tte te Oe. 


In this special case we have 


, re: ae 
cosa=%, cosd=yF, m= 4,7. 

The rectangular faces of the right prism on the sphere are squares. It is this 
sextuple which I have cailed in a previous paper* a system of 6 metharmonic 
points. We see then that the points of intersection of any 3 circles meeting 


at equal angles a, where cos a = 4%, form a system of metharmonie points. 
§ 4. THE 6 DIHEDRON-POINTS ON THE SPHERE FORM AN OBLIQUE OCTAHEDRON. 
We have in this case gy = } z, $ x, } z, hence 
m = + i(cot® 4 0 — tan® $4). 


The form #(z) = 2° — mz* + 1 represents, therefore, this case, when 2 is 
purely imaginary. 
*H. Maschke: Ueber eine merkwiirdige Configuration gerader Linien im Raume. Math. An- 


nalen, Bd. 36, p. 200, and Nachrichten d. Kénigl. Gesellschaft d. Wissenschaften zu Gottingen, 
1889, p 386. 
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Without loss of generality we may consider the case g = 4 z only. The 
position of the 6 points appears from Fig. 3 representing the perpendicular 
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projection on the z-plane. 
From (17) we find 


= + 4 (cot $¢6+4 tan 3 A), 
A= 4/sin’ @. (26) 


or 


Denoting, again, the common value of the angles at which the 3 circles con- 
taining the points (1245), (2356), (3164) meet each other by a, we obtain the 
connection between @ and 4 (16) in exactly the same way from Fig. 4, as the 
corresponding connection in § 3 had been found from Fig. 2. The formule 





Zs 
? 


Fia. 4 


(22) and (23) hold, therefore, in this case also. Furthermore, this figure is 
deduced by a linear transformation similar to (21) from the normal-position 
of the case presented in Fig. 5. 

Comparing (23) and (26) we find 


3 cos? # — 1 
3 cos? # + 1’ 


cos 4 = 


cos # = - cot 4a. 
13 
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Consequently the angle a varies between 4 = and z, and the anharmonic ratio 


2 between + 4 and + o. Thus we have this result :— 

The 6 points of intersection of any 3 circles meeting each other at equal 
angles a, where hz <a < x, constitute 6 dihedron-points ; they can always 
be linearly transformed into the normal-position obtained by projection of an 
oblique octahedron. 

If 4 = 2, the 6 points lie harmonically in such a way that every one of 
the 3 pairs (14), (25), (36) is harmonically divided by every other pair. In 
this special case we have 


and the 6 points form on the sphere a regular octahedron. 


§ 5. THE 6 DIHEDRON-POINTS OF THE SPHERE LIE ALL ON THE EQUATOR. 


In this case we have @ = $= and therefore m = 2 cos 3¢. The form 
D(z) = 2 — mz* + 1 represents this case when m is real and varies between 
— Zand + 2. 

We transform the equator-circle into the axis of real numbers so that all 
the six points are real, and assume now, as we are only concerned with pro- 
jective properties, the six points on a conic section (circle). 

The lines joining the conjugate points of an involution meet in one point, 
the center of involution. Thus we obtain, corresponding to the 3 involutions 
(1), (2), (8) the 3 centers C, C,, C, (see Fig. 6). 
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Cz 


These 3 centers lie on one straight line, the Pascal-line of the hexagon 
153426. 

Furthermore, we see that the two triangles 123 and 456 are in perspective 
in 3 ways with (\, C,, C,, as centers of perspective. Hess has studied in de- 
tail the case of two triply perspective triangles whose centers of perspective 


lie on a straight line*; he does not, however, mention that the 6 vertices of 
the triangles lie on a conic section, which is an immediate consequence of the 


converse of Pascal’s theorem. 

Varying the one parameter of the figure which is at our disposal—it de- 
pends on the value of ¢ in our normal-figure—by keeping for instance the 3 
points 1, 4, 5 fixed and varying only the point 3 which determines the rest, 
we can find a position where the 3 lines (14), (25), (86) meet in one point. 
We then obtain a fourth involution (14), (25), (36), and the two triangles are 
in 4 ways in perspective. This case—two triangles that are perspective in 4 
ways with 3 centers of perspective on a straight line—has also been studied 
by Hess.t 

The corresponding normal-figure consists simply of a regular hexagon 
(¢ =42,m=0, O(z) =2 + 1); the additional center of involution is given 
by the center of the circle. This configuration is projectively unique ; it rep- 
resents the maximum number of involutions that can occur with 6 points, and 
also the maximum number of harmonic divisions, viz. six. 

Reverting once more to Fig. 6 (¢ arbitrary), let us draw tangents from C,, 
C,, C,, to the circle. The 6 contact points represent the double points of the 

* Edmund Hess ‘‘ Beitriige zur Theorie der mehrfach perspectiven Dreiecke und Tetraeder.” 


Mathemat. Annalen, Bd. 28, pp. 186 et seq. 
tl. ¢., pp. 188 and 198. 
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3 involutions (1), (2), (3), and as such they form in the normal-position a reg- 
ular hexagon, as shown before. It follows, then, that these 6 contact points lie 
in involution in 4 ways. 

We now ask how the 6 real dihedron-points on the conic section (circle) 
must lie in order that some of the anharmonic ratios may become harmonic. 
The normal-figure shows that, besides the case of the regular hexagon, this 
‘an only occur in such a way that (12) is divided harmonically by (45), (23) by 
(56), and (31) by (64); or so that (12) is divided by (56), ete. The latter case 
being essentially the same as the first, it suffices to consider the first only. 

Putting in (17) 6 = 3 =, we obtain, 


A = (15) (42) = 4 sin’¢. 
The value 4 = 3 gives harmonic division, whence 


cos¢g = }7 10, 
and from (18) 
m=, 10. 


Let now the points 1, 2,..., 6 (see Fig. I) be any such system of real 
dihedron-points on a conic section. If we draw tangents in the points 1, 2, 3 
to the conic section, determining the triangle A,, A,, A, then the lines joining 
the points 5-6, 6-4, 4-5, must meet the points A,, A,, A;, respectively. Sim- 
ilarly the lines joining the points 2-3, 3-1, 1-2 must pass through the vertices 
A,, A,, A, of the triangle formed by the tangents in the points 4, 5,6. Thus 
we are led to a known problem proposed by Clausen* and solved by Moebiust : 
Given a triangle with an inscribed conie section (circle). To find a second 
triangle that is inscribed to the conic section (circle) and circumscribed to the 
given triangle. 

The configuration of this sextuple on the conic section is very closely con- 
nected with the configuration of a so-called Clehbschian hexagon.t A Clebs- 
chian hexagon consists of 6 points (, (,..., C; (see Fig. II) situated in the 
plane in such a way that every one of the 10 pairs of triangles which can be 
formed out of the 6 points C, is in 4 ways in perspective. The 40 centers of 


perspective thus obtained are reduced to 10 (the points /,, 4, 4, A,, Az, A,, 
A,, A;, A, in Fig. IT), since every one of them is a center of perspective for 4 


*Crelles Journ., Bd. 4, p. 391. 

+ Moebius: Barycentrische Lésung der Aufgabe des Herrn Clausen. Crelle’s Journ., Bd. 5, 
and Gesammelte Werke, Bd. I, p. 487. 

tClebsch. Math. Annalen, Bd. 4, pp. 284 and 345. This hexagon was more fully investi- 
gated by Schréter: Das Clebsch’sche Sechseck. Math. Annalen, Bd. 28, from which paper the 
above given principal properties are taken, and by Hess, l. ec. § 6 under the name: Das zehnfach 
Brianchon’sche Sechseck. Cf. also: Klein, Ikosaeder, pp. 216-218, aud Lindemann, Vorlesungen 
iiber Geometrie, II, 578. 
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pairs of triangles. Through every center of perspective there pass, therefore, 
3 of the 15 sides of the Clebschian hexagon. Besides there are 15 secondary 
points in which the 15 sides of the hexagon meet each other only by twos. 
Two centers of perspective lie on each side of the hexagon. If we form a 
triangle out of any 3 vertices of the hexagon, then the 6 centers of perspective 
situated on the 3 sides of this triangle, lie on a conic section /. The 15 sec- 
ondary points can be arranged as 5 triangles in such a way that every side of 
each triangle is also a side of the Clebschian hexagon. Then the 6 vertices of 
any 2 of these 5 triangles lie on a conic section 9%. 

The connection between the 6 dihedron-points 1, 2,..., 6 in Fig. I and 
the Clebschian hexagon (see Fig. II, where the points corresponding to those 
in Fig. I are denoted by the same numbers or letters) is now simply this : 

1. The dihedron-points 1-6 constitute 6 centers of perspective lying on a 
conic section /’ of a Clebschian hexagon whose vertices C,, C,,..., C, are ob- 
tained as the points of intersection of the lines joining the points : 


2,3and4,5:C,, 2,3 and 4,6: C,, 
3, land 5,6: C,, 3,land 5,4: C,, 
1,2and6,4:C,, 1,2 and6,5:0C,. 


2. The dihedron-points 1-6 constitute 6 secondary points lying on a conic 
section @ of a Clebschian hexagon whose vertices B,, B,,..., B,* are obtained 
as the points of intersection of the lines joining the points 


1,5 and 2,6: £8,, 1,6 and 3,5: B,, 
2,6 and 3,4: B,, 2,4and1,6: B,, 
3,4and1,5: B, 3,5 and 2,4: B,. 


The configuration of our points 1, 2,..., 6 is identical with that special case 
of two triply perspective triangles enumerated by Hess under 2 (1. c., p. 188), 
as can be demonstrated by referring to Hess’s triangle of reference. Hess 
himself has shown only (1. ¢., p. 209) how this figure is connected with the 
Clebschian hexagon £B,,..., 4, The connection with the hexagon C,,..., C; 
follows without much difficulty by a closer study of the Clebschian configura- 
tion. The relation between the two Clebschian hexagons (), ... CU, and 
B,, ... B, is given by the following theorem: Such 6 secondary points as lie 

* In Fig. II the sides of the Clebschian hexagon C,,..., U, are represented .by continuous 
lines, those belonging to the hexagon B,, ..., B, by broken lines, except the 3 lines B,C,, B,C,, 


B,C, which are common to both. The two circumscribed triangles A,A,A, and A,A,A, are 
given by dotted lines. 
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on 3 sides of a Clebschian hexagon intersecting in a center of perspective, form 


again a Clebschian hexagon. 

Finally it may be remarked that the 6 vertices A,, A,,..., A, of the two 
triangles circumscribed to the conic section in Moebius figure (see Fig. [) 
constitute 6 centers of perspective lying on a conic section / of a Clebschian 
hexagon (see Fig. IT). That these points lie on a conic section, has already 
been found by Moebius. We now see, moreover, that these points constitute 
again a system of real dihedron-points of the same character as the original 
points 1, 2,..., 6. 


University or CutcaGo, December 31, 1895. 























NOTE ON INFINITE DETERMINANTS. 
By Mr. Evcene H. Roserts, Lonoke, Ark. 
1. DEFINITIONS. 
Let us consider a doubly infinite series of quantities A,,(7,/ = —o,..., 
o ), and as is usual with such series we shall suppose the quantities arranged 
over a plane, so that with any point (7, 4) of the plane the quantity A, is 


associated ; the term A,, will be at the origin, and the terms around it will be 
arranged as follows : 


Feed ae ae a Se ee a es 
netnde ae a ee a ar ae eee 
neh treed , ae Se ae eae ee ee ey Ce 
eer Bi Mice | ee is ac) es Bis, Be cc 
eee rs Se Say Se eee ee ee ee ee 
iia Pea eee ee eS ae ae ee ee 








ae ee Ok, Oe Se cea era ee Oe eS ee Se Ro eK ae Oe 2 2 Oe 2 eo Se Se Se Se. € Oe Oe 


Let us denote by /), the determinant indicated by the dotted lines, that 
is the determinant composed of the quantities A, (7,4 — — 1,0, + 1); by 
DP, the determinant indicated by the light lines; and by /), the determinant 
indicated by the heavy lines ; and in general let us represent by J, the 
determinant composed of the quantities A,, (7,4 = — m,..., + m), arranged 
as indicated in the diagram. 

Now if as 7 increases indefinitely, the determinant /),, has a definite limit 
PD, we say that the infinite determinant /), composed of the quantities A ,, 
(i,k = —o,..., + @) arranged as indicated in the diagram, is convergent, 
and has D for its value ; or, to state the same thing in a form which will be 
of more use subsequently, the infinite determinant /), is convergent if, for any 
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positive quantity 0 given in advance, we can find a positive integer 7’ such 
that for any value of greater than 7’ 


D Dsi<é (1) 


n+p n 


whatever the value of p. If no such number 7’ exists, the determinant is 
divergent. 

The principal diagonal of the determinant 2, is the group of elements 
arranged along the straight line passing through the origin and making an 
angle of 45° with the axis of x; it is composed of the quantities A,,(¢—= — a, 

.., + ©). The /ine7is composed of the elements grouped along the straight 
line passing through the point (7, 0), and parallel to the axis of z; similarly 
the column kh is composed of the elements grouped along the straight line pass- 
ing through the point (0, 4), and parallel to the axis of y. The element A, is 
called the origin of the determinant ; and any element A,, is said to be diag- 
onal or non-diagonal according as we have 7 = f, ori — k. 

Any diagonal element might be taken as the origin, and corresponding to 
it we would have a new set of determinants /),,; any line of elements parallel 
to that already chosen might be taken for the principal diagonal, and any ele- 
ment in it might be selected as origin ; we thus see that having given a doubly 
infinite series of quantities, we can form x? different infinite determinants, and 
nothing justifies us in stating @ prior? that all of these infinite determinants 
are convergent or divergent at the same time ; or, if they are all convergent, 
that they have the same value. We thus see that in general an infinite deter- 
minant has a perfectly definite meaning only when we know its principal 
diagonal and its origin. 

It is interesting to note that the different infinite determinants considered 
above are derived from a given arrangement of the terms of the doubly infinite 
series; to any new arrangement of the terms of this series, there corresponds 
a new set of 0? different determinants. 


2. HisroricaAL SUMMARY. 


Infinite determinants were first defined and used by Hill in a paper enti- 
tled “ On the part of the motion of the lunar perigee which is a function of 
the mean motions of the sun and moon.”* In the discussion of this problem 
Hill met with an infinite system of linear equations involving an infinite num- 
ber of unknown quantities ; the consideration of such a system of equations 
naturally suggested the possibility of forming and using an infinite determi- 

* This paper was first published in this country in 1877, and afterwards appeared in Acta Math- 
ematica, t. 8. 
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nant ; Hill accordingly defined a convergent determinant, his definition being 
substantially that given above, and applied the determinants thus defined to 
the solution of the system of equations under consideration. Thus the dis- 
covery of infinite determinants, like that of so many other mathematical 
functions, was suggested by the consideration of a special problem which 
demands such functions for its solution. 

Infinite determinants having thus been defined and used in the solution 
of a special problem, naturally the next and most important step was that of 
investigating such functions from a purely theoretical standpoint. This was 
done by Poincaré in a paper entitled “Sur les determinants d’ordre infini.”* 
Poincaré’s investigations were limited to determinants satisfying the following 
conditions: (a) the diagonal elements are all equal to unity, and (b) the sum 
of the non-diagonal elements is absolutely convergent. 

Helge von Koch was the next mathematician to turn his attention to infi- 
nite determinants ; his results were published in two papers entitled, respec- 
tively, “Sur une application des déterminants infinis 4 la théorie des équations 
differentielles linéaires,” and “Sur les déterminants infinis et les équations 
differentielles linéaires.”+ The determinants studied and used by von Koch 
are more general than those investigated by Poincaré; like the latter, they 
satisfy condition (b), but condition (a) is generalized so as to include all infi- 
nite determinants in which the product of the diagonal elements is absolutely 
convergent ; infinite determinants satisfying these modified conditions are said 
to be of the normal form, and it is seen that the determinants studied by 
Poincaré form a special class of determinants of the normal form. 

In the second paper cited above von Koch shows that a certain class of 
infinite determinants enjoys the same properties as determinants of the normal 
form; this class of determinants includes all that satisfy the following condi- 
tions: (a) the product of the diagonal elements is absolutely convergent ; (b) 
there exists a series of quantities x, (4 = —o,..., + 2 )such that the doubly 
infinite series 


is absolutely convergent. 
Von Koch, while investigating the subject from a theoretical standpoint, 
did so for the special purpose of applying his results to a particular problem ; 
and for that reason his results lack that generality which is to be desired. In 
the introduction to his second paper he states : “‘ Dans ce qui suit nous nous 
bornerons 4 développer ce qui parait nécessaire pour pouvoir appliquer l’in- 
* Bulletin de la Societe mathématique de France, t. 14. 
+ Acta Mathematica, ts. 15, 16. 
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strument nouveau d'une mani¢re absoluement rigoureuse au probleme que 
nous nous sommes proposé.”* 

Craig has also done some work in connection with the application of infi- 
nite determinants to differential equations ; while his results have been used 
in his course of lectures on differential equations delivered at Johns Hopkins 
University, his work has not as yet been published. 

In the present paper an attempt is made to place the discussion of infinite 
determinants upon a slightly new basis, in the hope of giving greater simplicity 
to the reasoning employed, and at the same time more generality to the theo- 
rems established. 


3. EXPRESSION OF AN INFINITE DETERMINANT AS AN INFINITE SERIES, THE TERMS OF 
WHICH ARE INFINITE PRODUCTS. 


teturning to the definition of a convergent determinant embodied in the 
inequality (1), let us push this definition to its legitimate end, and thereby get 
a clearer view of the problem before us. 

We must determine exactly what is meant by saying that the determinants 
/),, tend towards a limit as # increases indefinitely. 

Let us take as a simple illustration the determinant, 


a as 


= ab, _- asp, = 


hb, Ob, 


l 2 

The configuration of letters, numbers, and lines written on the left hand side 
of the sign of equality is called a determinant, and is simply a convenient 
symbol used to represent the algebraic function written on the right hand 
side ; this is the case with all determinants, so that if we speak of a set of 
determinants ),, as tending towards a limit as ™ increases indefinitely, we 
mean that the functions represented by these determinants tend towards a limit 
as # increases indefinitely. 

We must carefully examine the nature of the function represented by a 
determinant ; the function represented by /),, is the algebraic function con- 
sisting of (2 + 1)! terms, half of which are positive, and the other half 
negative, each term consisting of the product of 27 + 1 of the quantities A ,,, 
every possible combination being taken subject to the condition that one and 
only one element must be taken from any line (or column) for a given term. 
Certain conventions are adopted to determine the sign of any term. 

*In the Comptes Rendus for Jan. 21, 1895, there is an article by von Koch entitled, ‘‘ Sur la 


convergence des d¢terminants d’ordre infini et des fractions continues.” Unfortunately I have not 
yet been able to consult this article. 
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As m increases indefinitely the number of the terms of such a function 
increases indefinitely, and the number of elements appearing in each term 
increases indefinitely ; so that in the limiting case, an infinite determinant rep- 
resents an infinite series of terms, some positive and some negative, each term 
being the product of an infinite number of elements, one and only one being 
taken from each line (or column) for any term. 

In the case of the function represented by a finite determinant, the order 
of the terms, as well as that of the elements in any term, is a matter of indif- 
ference ; this is not so with an infinite determinant, however, for in general the 
value of an infinite sum or an infinite product is dependent upon the order of 
the terms of the sum, or that of the factors of the product. Consequently, 
having given an infinite determinant of specified origin and principal diagonal, 
it is not only necessary to adopt some convention by which to determine the 
sign of any term, but it is also necessary to adopt conventions that will fix 
the order of the terms in any determinant and the order of the elements in 
each term. 

Rules sufficient to determine the sign of any term may be formed as an 
extension of those adopted for finite determinants. In determining the sign 
of any term the elements are all supposed to be positive ; of course any odd 
number of negative elements in a term would change its sign, but these changes 
adjust themselves by purely algebraic principles. 

The sign of the principal term is determined by the following rule :— 


+x 
(1) The term //, A;,, composed of the diagonal elements written in the 


order in which they occur in the infinite determinant, is positive. 

In this term both suffixes occur in their natural order ; other terms may 
be formed from this principal term by permuting either set of suffixes; we 
shall in all that follows suppose the first set of suffixes to remain fixed, and 
form the different terms by permuting the second set of suffixes ; this amounts 
to adopting a convention for determining the order of the elements in any 
term. This being agreed upon, the sign of any term is determined by the fol- 
lowing rule :— 

(2) Any interchange of two suffixes of the second set, the suffixes of the 
first set retaining their order, alters the sign of the term. 

The convention that the elements in any term be written so that the first 
set of suffixes are in their natural order is a natural one ; in fact it is generally 
observed in regard to finite determinants, for if we have a determinant the 
principal term of which is @,),¢,7,... e,, in writing any other term it is usual 
to write the letters in their natural order, the permutations being made among 
the suffixes ; while any violation of this rule in the case of a finite determinant 
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will not alter the value of the determinant, this is not in general true for an 
infinite determinant and the adoption of such a rule is a necessity. 

Having thus adopted a rule which is sufficient to fix the order of the ele- 
ments in the infinite product of any term, it remains to consider the question 
of the order of the terms of the infinite series. 

Three conventions in regard to the arrangement of the terms of an infinite 
determinant suggest themselves naturally ; they are: (1) to write the principal 
term first ; (2) to choose the order of the terms so that they are alternately 
positive and negative ; (3) to choose the order of the terms so that there is a 
symmetrical arrangement in regard to the principal term, for example, if the 
fourth term to the right of the principal term is obtained by interchanging 
—mand + xn, the fourth term to the left is to be obtained by interchanging 
+ mand —n. Rule (3) is easily seen to be in harmony with (2). Even 
though we adopt these three conventions, the order of the terms is still unde- 
termined, and there is open to us for choice an infinite number of rules any 
one of which is sufficient to fix the order of the terms. This being the case, 
the question naturally arises whether there exists a class of determinants the 
values of which are independent of the particular law chosen to fix the order 
of their terms. This question is answered very easily, and furnishes the most 
natural basis for dividing infinite determinants into two general classes accord- 
ing to the nature of the series represented by the infinite determinant. 

However, before proceeding to the consideration of this classification of 
infinite determinants, it may be well to give a brief résumé of the results arrived 
at in this article. We have shown that an infinite determinant represents 
an infinite series, the terms of which are infinite products ; we have formu- 
lated rules sufficient to determine the sign of any term and the order of the 
factors in the infinite product constituting any term. We have also seen that 
any one of an infinite number of possible rules would be sufticient to determine 
the order of the terms in the series. 


4. DISTINCTION BETWEEN THE TWO KINDS OF INFINITE DETERMINANTS. 

Before classifying determinants according to the nature of the series rep- 
resented by them, it is necessary to call attention to a distinction which must 
be made in regard to the infinite determinants we are to consider. Since the 
number of the terms of the determinant LD, is JJ = (2m + 1)!, if we have 
m == ©, M becomes infinite of an order higher than the first, and consequently 
the function represented by such a determinant is not an ordinary infinite 
series, but is one of an order higher than the first. This class of infinite 
determinants for which m = o, we shall call infinite determinants of the first 
kind. 
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However, if instead of considering m as approaching infinity we consider 
M, the number of terms of the function represented by J, as approaching 
infinity, then for JJ = ow, the series which the determinant represents is an 
ordinary infinite series. Since J is finite for any finite value of m, however 
large, if we have J/ = o, m must also be infinite, though necessarily of an 
order lower than the first. Infinite determinants for which JJ = @ we shall 
call infinite determinants of the second kind. They are infinite determinants 
in just as strict a sense of the word as are those of the first kind, but in order 
to be perfectly rigorous it is necessary to make the distinction. In what fol- 
lows we shall confine our investigations to infinite determinants of the second 
kind.* 


5. SEMI-CONVERGENT AND ABSOLUTELY CONVERGENT DETERMINANTS. 


Since the consideration of an infinite determinant has been reduced to the 
consideration of an infinite series, it is natural to divide infinite determinants 
into classes according to the nature of the series represented by such deter- 
minants. 

The first and most important classification of series is that of dividing 
them into the two classes of convergent and divergent series ; and following 
this classification we may say that an infinite determinant is convergent or 
divergent according as it represents a convergent or divergent series. [This 
is not a new definition of convergence, but simply a new way of stating the 
one already given. | 

Convergent determinants may be subdivided into two classes, semi-con- 
vergent and absolutely convergent determinants, according as they represent 
semi-convergent or absolutely convergent series. Every convergent determi- 
nant must belong to one of these two classes, and no determinant can belong 
to beth classes. 

Absolutely convergent determinants constitute by far the most interesting 
class of determinants, for the value of the series represented by such a deter- 
minant being independent of the order of its terms, we conclude that an abso- 
lutely convergent determinant has the same value, whatever the law adopted 
to fix the order of the terms in the series represented by it; and consequently 
in the study of such determinants we are freed from the necessity of adopting 
a law to fix the order of the terms of the series. Furthermore since the sign 

* While it is necessary to distinguish between the two kinds of infinite determinants, it would 
seem that there is no loss of generality in confining our investigations to the determinants of the 
second kind; for in the definition of an infinite determinant m is simply supposed to become 


indefinitely great, and making M infinite secures this; however, adopting the safer plan, I shall 
confine my investigations to determinants of the second kind . 
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and the order of the factors constituting any term are determined by the rules 
already given, the only effect introduced by making a change in the choice of 
principal diagonal or origin, is a change in the order of the terms of the series ; 
hence the value of an absolutely convergent determinant is indeperdent of the 
choice of principal diagonal or origin. 

Since a semi-convergent determinant represents a semi-convergent series, 
the value of such a determinant is dependent upon the choice of the law which 
will fix the order of the terms of the series. If we adopt any rule to determine 
the order of the terms, we may investigate the conditions of convergence cor- 
responding to that particular rule ; but as the number of such rules from which 
a choice may be made is infinite, it would be useless to investigate the condi- 
tious for any one rule, unless it can be shown that for sufficient reasons that 
rule is to be preferred to all others. It would seem that this is not the case, 
so that it is not probable that much can ever be done with this class of deter- 
minants. 

Since a change in the origin must introduce a change in the order of the 
terms of the series, it follows that @ sem?-convergent determinant ix dependent 
upon the choice of its origin for its value. 


6. THEOREMS ON CONVERGENT DETERMINANTS. 


Following the method generally adopted in the treatment of infinite series, 
we shall prove certain theorems concerning convergent determinants, reserving 
for the present the investigation of the question of convergence. Considerable 
generality can be given to such theorems owing to the fact that their proof 
rests upon the proposition that a convergent infinite determinant can be repre- 
sented by a convergent infinite series, the terms of which are arranged according 
to some definite law ; a little reflection will show that the proof is independent 
of the particular law that might be chosen. 

THEOREM J. An absolutely convergent determinant remains absolutely 
convergent if we replace the elements of any line (or column) by a series of 
quantities all of which are less in absolute value than a given positive quantity. 

Let us represent the infinite determinant )), by the expression 


+x . 
ey (1) 


—@® 


where 4, represents the product of an infinite number of factors A,,, the sign 
of any term and the order of the factors in that term being governed by the 
rules already adopted, and the order of the terms of the series being fixed by 
some law which we shall suppose known. 








ds 
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To fix the idea let us suppose the elements of the line 0 
cers ; on eee, Aw, cory Aum cee 


to be replaced by the quantities 


(iig Tpi ang Mae xe Ae «ee 
satisfying the inequalities 
ai< &. jk 0 
By hypothesis the series . 
418 


s~ 


is convergent ; consequently the series 


+z 
a,e| |, (2) 
—@ 


where B/ represents &, divided by its factor from the line 0, is convergent ; 
the series 
+n 
2,\C,|, (5) 


t 
-e 


where (; represents 4, multiplied by the « corresponding to its element from 
the line 0, is also convergent since its terms are respectively equal to or less 
than the corresponding terms of the series (2). Since the series (3) is con- 
vergent, the determinant which represents 


oa) 


| bet 


8 ~ 


is absolutely convergent, and the theorem is proved. 

Cor. 1. An absolutely convergent determinant remains absolutely conver- 
gent if we replace any finite number of lines and columns by series of quanti- 
ties all of which are less in absolute value than a given positive quantity. 

This proposition regarding infinite determinants is the analogue of the 
proposition that in considering the convergence of a series we may neglect any 
finite number of terms. This theorem was first proved by Poincaré for the 
class of determinants which he investigated, and was afterwards extended by 
von Koch to determinants of the normal form. 

Cor. 2. A semi-convergent determinant remains semi-convergent if we 
replace the elements of any finite number of lines and columns by series of 
quantities all of which are less than a given positive quantity, and each of 
which has the same sign as the element that it replaces. 
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The proof of this proposition is the same as that of the theorem for abso- 
lutely convergent determinants ; the necessity for making the restriction that 
the quantities have the same sign as the elements they replace is made clear 
by considering the case in which the terms of the series representing the semi- 
convergent determinant are some negative and the others positive ; the signs 
of the s’s might be such as to make the terms of the series represented by the 
new determinant all positive; since the original determinant is only semi- 
convergent, the series thus formed is divergent, and consequently the determi- 
nant has lost its convergence by replacing its elements by the s’s. If however 
the s’s all have the same signs as the elements they replace, the signs of the 
terms of the series cannot be changed, and the determinant remains semi- 
convergent when we replace the elements of a given line by the »’s. 

Cor. 3. A determinant (of the second kind) which is of the aormal form 
is an absolutely convergent determinant. 

Every convergent determinant of the second kind must belong to one of 
the two classes, semi-convergent or absolutely convergent determinants. Von 
Koch has proved that a determinant of the normal form is convergent, and 
that if in such a determinant we replace the elements of any line or column by 
any series of quantities, positive or negative, all of which are less in absolute 
value than a given positive quantity, the determinant does not lose its conver- 
gence ; it follows from the preceding theorem that this is the case without 
restriction only for absolutely convergent determinants ; hence determinants of 
the normal form (when of the second kind) come under the class of absolutely 
convergent determinants, and any proposition proved for the latter is also true 
for the former. 

TueorEM II. If in an absolutely convergent determinant we interchange 
any two lines (or columns), the sign of the determinant is changed ; if any two 
lines (or columns) are identical the determinant vanishes. 

Since the determinant is convergent, we have 


Piss i dD, = 0. (1) 


If we denote by /’,,, the value of the determinant //,, when the two lines 
(or columns) are interchanged, we have by the preceding theorem 


, , a ¢ 
Disp — Dy 0. (2) 
Now # can always be chosen so large that the two lines (or columns) 
interchanged will be included in PJ, ; hence 
D, 7 dD, ? (3) 














si a itt 


a ee see eid dt 
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But we have 


D D,, 7 D isp — Dy, = 20, (4) 


m+p - 


or in consequence of (3) 
y x 
Durr y D m+p - 20 ; (5) 


hence if we represent by )) and J’ the limits towards which D,, and /”,, tend 
as m increases indefinitely, we have for a infinitely great 


D= — JD. (6) 


The second part of the theorem follows immediately; if two lines (or 
columns) are identical, the value of the determinant can not be altered by 
interchanging them ; but the sign of the determinant must be altered by this 
interchange, hence the determinant vanishes. 

Cor. If a semi-convergent determinant does not lose its convergence when 
we interchange two lines (or columns) the sign of the determinant is changed ; 
if any two lines (or columns) are identical, the determinant vanishes. 

The proof of this proposition is the same as that for absolutely convergent 
determinants. 

TueEoreM III. If every element of any line (or column) of a convergent 
determinant be multiplied by the same factor /, the determinant is multiplied 
by that factor. 

Since every term of the series 


VB 1 
=<; (4) 


is a convergent product, and contains one and only one element from any line 
(or column), each term of the series is multiplied by the factor /; and since 
the series is convergent, the series formed by multiplying each term by the 
same factor is convergent, and has for its value 


+x 
, > 
kS, B,; (2) 
—2« 


hence if the value of the original determinant is /), the value of the new deter- 
minant is /D. 

Cor. 1. If the elements of any line (or column) are the same wultiples of 
the corresponding elements of some other line (or column) the determinant 
vanishes. 

By the theorem just given we can divide the elements of that line (or 
column) by the common factor ; two lines (or columns) being then identical, 
the determinant vanishes. 
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Cor. 2. If the signs of all the elements of any line (or column) be changed, 
the sign of the determinant is changed. 

Such a change of sign of the elements is equivalent to multiplying these 
elements, and consequently the determinant, by the factor — 1. 

THeoreM LY. If each element of any line (or column) of an absolutely 
convergent determinant can be resolved into the sum of ~ quantities, the given 
determinant can be expressed as the sum of x» absolutely convergent deter- 
minants. 

To fix the idea, let us suppose that the elements of the line 0 can be 
resolved into the sum of ~ quantities, so that we have 


Ao = am TF Gan TT Am cee Tt Gm: 


Owing to the absolute convergence of the series 
+x 
v > 
a Ts 


--2 


each of the series 


+x 
a;4u0; fe =: 1,9, ..+, a) 
— 


is absolutely convergent ; hence we can write 


4" 2 ye ( >” 
=; Bye = 24 (Gi + Gu +e) + ny) BY 
x —< 
x +z +x 
’ , ' yr ' “ae 
= 3,4,,B’, = a; tal: +... de Qual «3 
— & —z — @ 
or 
D=4+4, ee oe oF 


where J is the original determinant, and J, is the determinant formed by 
replacing the elements of the line 0 of the original determinant by the quanti- 
ties w,,(¢ = —o,..., +o). By Theorem I each of these determinants is 
absolutely convergent, and the theorem under consideration is thus proved. 

Cor. The theorem holds for a semi-convergent determinant, if all the 
elements of the line 0 in each of the determinants J, have the same sign as 
the corresponding elements in the determinant D. 

This follows as a consequence of Theorem I, Cor. 2. 


7. TESTS OF CONVERGENCE. 


Before attempting a general discussion of the conditions of convergence 
for infinite determinants, we shall give two theorems concerning determinants 
of special form, which may be interesting in themselves, as well as of use 
subsequently. 
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TueoreM I. An infinite determinant all the terms of which are negative is 
divergent. 
Any term of the series 


+o 

v 2 

-j B; 
a 


consists of the product of an infinite number of negative factors ; the product 
of an even number of these factors gives a positive quantity ; the introduction 
of another factor changes the sign of the product, and as we thus increase the 
number of the factors, the sign of the product continually changes from plus 
to minus ; the product is therefore divergent, and consequently the determi- 
nant is divergent. 

THEOREM IT. In order that an infinite determinant, all the terms of which 
are positive, may be convergent, it is necessary and sufficient that the terms 
of the series 

MB, 
—— 
tend to zero as a limit. 

Since the elements of the determinant are all positive, it will follow as a 
consequence of the law governing the sign of any term, that half of the terms 
of the series 

¥ B. 

—- 
are positive and the other half negative ; in whatever manner they may be 
grouped only a finite number of positive or negative terms can fall together ; 
since these terms by hypothesis tend to zero as a limit, the sum of any finite 
number of terms will also tend to zero as a limit; the series has thus been 
reduced to one in which the terms are alternately positive and negative, and 
tend to zero as a limit; such a series is known to be convergent, and the 
theorem is proved. 

The consideration of these two theorems places us in a better position 
for formulating the necessary conditions that an infinite determinant be con- 
vergent. In the first place in order that an infinite determinant which is repre- 
sented by the series 

 B, 

~:~" 
be convergent, it is necessary that each one of the infinite products B, be con- 
vergent. Such an infinite product may become divergent in one of two ways ; 
it may either tend to infinity as a limit, or its sign may be alternately positive 
and negative owing to the repeated intr duction of a negative factor. 
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Let us write A, = + a); if any > quantities A,, are less in 
Let rite Aj, + (1 t,); if any of the quantities A,, are | i 
absolute value than unity, the corresponding «@,, is to be taken as equal to 
zero. Let us now form the series 


y 
ay, 


where the quantities a, are selected and arranged according to the same rules 
as the quantities A,, in the products 4,; there will be an infinite number of 
these series, one corresponding to each product /;; let us represent these 
series by S;(/ = —@w,..., + @). In order that any product B, be conver- 
gent it is necessary that the corresponding series S; shall be convergent ; 
hence we are able to state as a first necessary condition that the infinite deter- 
minant be convergent, that each one of the series S;(¢ = — »,..., + @) 
must be convergent. 

Any one of the terms 2, will be divergent if it contains an infinite number 
of negative factors which are in absolute value equal to or greater than unity. 
An infinite number of negative factors all less in absolute value than unity 
would not make it divergent, for while its sign would be alternately positive 
and negative, it would tend to zero as a limit; hence we may state as a second 
necessary condition that any term 4, must contain only a finite number of 
negative factors satisfying the inequality 


A,|>1. 


Supposing that the convergence of each term of the series 
+x 
v 2 
2, B, 
—2 


is secured by the fulfilling of the two conditions already given, in order that 
the infinite series may be convergent it is necessary that its terms tend to zero 
as a limit ; that is, we must always be able to find an integer x’, such that for 
any value of » greater than 7’ 


B.,\<¢ 
Pin XW Oy 


0 being any positive quantity which may be chosen as small as we please ; in 
order that this inequality may exist, each term /,,,(m > n’) must either con- 
tain a factor which is evanescent, or it must contain an infinite number of 
factors each less than unity. 

To give a résumé of the results arrived at, we may state that in order that 
an infinite determinant may be convergent, the following conditions are neces- 
sary :-— 

1. Each of the series 8, (¢ = — x,..., + #) must be convergent. 
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2. Any term must contain only a finite number of negative factors satis- 
fying the inequality 
Ag 1 . 


3. Each term after a certain term in the series is reached must either 
contain an evanescent factor or an infinite number of factors each of which is 
less than unity. 

While these are necessary conditions, they are not in general sufticient to 
determine the convergence of a determinant ; however, in connection with the 
preceding theorems they enable us to state that certain classes of determinants 
are convergent ; for example, any determinant satisfying the following condi- 
tions is convergent: (a) the elements are all positive ; (b) each of the series 
S,(¢ = —o,..., + ©) is convergent; (c) for some line ¢ (or column /) the 
elements A ,, tend to zero as we go farther from the origin. 

Also any determinant satisfying the following conditions is convergent : 
(a) the elements are all positive ; (b) each of the series S,;(¢ = —o,...,-+ @) 
is convergent ; (c) an infinitely great number of lines (or columns) are com- 
posed of quantities less in value than unity. 


Nov. 5, 1894. 














ON THE CALCULUS OF FUNCTIONS DERIVED FROM LIMITING- 
RATIOS.* 


By Pror. W. H. Ecuots, Charlottesville, Va. 
I. InrRopUCTION. 


1. The object of this essay is an investigation of the foundation of the 
Calculus of Limiting-Ratios as a particular case of the Calculus of Finite Dif- 
ferences considered in a generalized sense. It possesses the scientific interest 
of showing that the Differential Calculus of Newton is but one particular case 
of an infinite number of such Calculi, and is the simplest of them all. 

The limiting-ratios of the Calculus as founded by Newton and Leibnitz, or 
as they are usually called the successive derivatives of f(a), are defined to be 


“ ' a. £m (wn a v/ i 7) ») 
fmt\(y) — Pi (@ + Mh) Ti (a 
i $ j 


A=0 


m = 0, 1, 2, ..., giving the successive derivatives. These functions are 
derived, each from the preceding, through exactly the same operation, which 
is therefore essentially a repetitive operation. The Calculus of Derivatives is 
a repetitive calculus whose operator is (¢/dr), and the repetitive character is 
symbolized by the operative index following the exponential law 


fa) fa) _f a) 


|= | |= . 
(de | | da” | | dant! | 

4 4 

In like manner, the Calculus of Finite Differences, as ordinarily consid- 
ered, is also a repetitive calculus. The successive functions of this Calculus 
are defined to be 

Sn” F (@) ’ 
wherein, if 
Ej F (") = f(@ + mh), 
then 
dit fe) = (Ex — I" FO), 


using the notations usually employed in the Calculi of Finite Differences and 


Enlargement. 
The Differential Caleulus can be otherwise founded as a particular case 


* Read before The American Mathematical Society in New York, May, 1895. 
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of the Calculus of Finite Differences, and the successive derivatives defined to 
be the functions 


a J z a — 
Dies (a) = 4 h J (”) _f J; J (@) 3 (m — 1, 2, 3. aia. ein 
0 


ow yu “a 
Pree (4x) h 


The repetitive operator (J;"//”) furnishing what is called the successive dif- 
ference-ratios of the function, and 


J J" ) PF sued 


h l Ae J be i part 


2. It is to be observed, in the Caleuius of Finite Differences, that the 
interval between the arguments is constantly equal to 4, whence all successive 
differences of these arguments vanish after the first. It is now proposed to 
generalize the Calculus of Finite Differences and to naturalize the Calculi of 
Limiting-Ratios as particular cases of this Calculus. Throughout this paper, 
J (2), unless otherwise specifically stated, will be taken to represent a uniform, 
finite, and continuous function of # which is expressible by Taylor’s series 
throughout a certain definite interval, say, from « = a to x = ce. 

We define ¢ to be an operator whose function it is to act on the variable 
as follows: 





ef SI (&s) = S (Serra) 
We define ¢ to be an operator which produces the effect 
On . F(X) = (lL — en)". F (2%), 
— ST (#9) = CaF (®o+n) ¢ is Cn, oF (®g+2n) —...+(—Ip T (®osun) - 
Thus the operations have the relations 
&,=—1l—eg, & =1— d,. 
The corresponding th difference of the argument is 


’ 
On. Ly 


= (i nga €,)” ° Xy 

y o Y oy | 7 
= Hy iain C n, 1 g+h oa Cn, 2? o42n en OM (— 1)" Lotnh ° 
We shall be concerned with the limiting value of the ratio 


aD P 
On (aq) 
dn» ’ 
Onkg 


A=0 


which is the mth generalized-difference-ratio of the nth generalized difference 
of the function to a corresponding nth difference of the variable. We call the 
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above function the wth difference-ratio-limit, and at the risk of being guilty of 
surreptitious coinage, we abbreviate this into ath differell. 
A symbolic notation for the operation will be required, and we write the 


ath differell of f() 
n>) fr Fly 
a" | £(@) — Fe) 5 7, 
d"x \* : . F One 


h=0 


as distinguished from the notations of the Differential Calculus, 


ao . > Ae f(z) 
wr) "(x — ‘ 
dF) P@) . ge * 
A=0 


3. The law of the distribution of the argument ,,,, is perfectly arbitrary, 
except that .,,,, must converge to the limit 2, as 4 converges to zero. In 
general, for an assigned law of argument distribution we shall have a Differell 
Calculus in which the differell operator is not repetitive, and for a different 
argument distribution law we shall have a different Differell Calculus. In each 
of these calculi any differell operator may be taken as an operator per se, as 
the fundamental operation of a new calculus in which the operations are repe- 
titive. The first differell in any such Differell Calculus is the derivative of the 


function. For 
a» "(ap a "(an "(op 
$ O J ("g) an 4 ST (4) — J (Zo4a) Anes i (a ) 
yo — 7 : = ae 
o 2) vy nw Vg - oth 
h=0 h=0 


4. Two general distribution laws suggest themselves at once, 


“otrh = Lo T ¢ (7, h) ’ 
Lotrh — Xg / (7, h) . 
In which ¢ (7, h),~9 = 0 and ¢ (7, /),<) = 1. 


We may call the former the Addition Calculus and the latter the Multi- 
plication Calculus. This latter term has already been used by Dr. McClintock 
in his Caleulus of Enlargement,* wherein, at the close, he makes mention of 
such a calculus. 

Of the Addition Calculi, the simplest is given by the law 


g(r, 4) =A. 


All differells, after the first are infinite. The first exists, however, and taken 
as an operation per se, may be made the basis of a repetitive calculus, which 


* American Journal of Mathematics, Vol. IT, p. 156. 
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is the Differential Calculus. Such is the case for the first differell of any 
Differell Calculus. As another illustration, let 


Ug 


+rh — Lg ining Ch + C,, 2h? aoe. i 1)"h" =a,—1 + (1 yi hy’. 


Here, evidently, 
—_ hn 


‘ 2 
0 ne, 2 


And it appears that the th differell of this caleulus is 
Fa) = F(a) + Fa) + + FM). 


Any 7th differell may be taken as the fundamental operation of a repetitive 
calculus. 
In like manner the simplest Multiplication Calculus is furnished by the 
law 
Lotrh — Uy (1 —_ hy", 
or what is the same thing, for the results are the same, 


— m= so ee 
Lotrh = Tgf . 


Because this form ®f the calculus has been considered symbolically by Dr. 
McClintock, in the paper above referred to, we shall proceed to notice it par- 
ticularly as an illustration of what may be developed in other calculi. 


Il. Tue Movtripiication CaLcuLus.—DIFFERELLS 


5. Let the law of distribution be 


VUg+rh a Lg (1 — hy 


or as it may be written 
log %4,, — log «, = r log(1 — h). 


The interval between the logarithms of the arguments is log (1 — /). Other- 
wise, if %,,,, = ae", we have 


log 24, — log x, = rh, 


and the interval between the logarithms of the argument is simply A 
In the first case we have 


\n — n 
On ky = xh ’ 


Onay” a ae [1 — (1 ae hy)". 
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On taking the ratio and passing to the limit, we obtain 


ig n 
i ¢ 
d | ae =m 


ld "a | 


Ny»m—l 
we ° 


In the second case, we have 


OnLy — By (1 _— e*\" ‘ 


Oey" a ae (1 — oy : 
and as before 
F n 
d } om — ane} - 
(ane | 
6. From the nature of the formation of the xth generalized difference, we 
have 
( oP 7) — One (2) Ong (x 
|p| Le Ga) + (ey) = REE? 4 HED 
(Pn | ied Op, On,’ 


and on passing to the limit, 


( a” | 
| gap Le @) + $ (2)] = ea) + H™(@). 


Or, the differell of a sum of functions is the sum of the differells of the func- 


tions. 
7. Let ni = k, a constant, so when 4 =0,n =x. Then, if0 <7 <1, 
we have at any point ~,,,, between , and #4,,, 


. , » pak cic ee 
Vo+qk — “gtgkt+rh = “gf (1 € ); 


and by taking / small enough we have the distribution of the argument as 
nearly uniform as we choose throughout the neighborhood of any point «,,,, 
in the interval (2,, 7,,,). 

8. To examine the formation of the differells of functions, we have by 
Taylor’s formula, 


bi Vt py 
F(a + 2) = 2% fra). 
0 . 
The nth differell of this function with respect to 7, is 
. nae 
Ia +2)= 2" =, J'(a), 
1 


a series which is convergent when Taylor’s is, since they have the same ratio 


of convergency. 
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For a + 2 substitute 2, then 


a 


Fa) = x ob (@ 4 F(a). 


- 


The next differell is 


x os eee r—l 
fora) — > get (a a : F(a) 2 
1 $ 


Multiply 7#(x) by (2 — @) and differentiate, whence 
F(a) _ _ [(w a a) f(a) | : 


Again, multiply 7"*'(@) by dz and integrate between z and a, whence results, 


f7""@) dz = (4 — a) f'"(@). 


a 


Thus we find that 7"(#) is the mean value of /"*'(2) between z and a. 
J (x) is therefore a function of an interval, and has distinct reference to an 
argument interval, one end of which is @, called the base of reference of 
differells. 

When the interval vanishes, we have, in general, 


F(a) _ Fa) — I(4) q 


If zero is the base, we have correspondingly 


— 7 - 
SOMa) =F [af(2)) , 
(Poa) de = af a). 


9. We shall use the base a, unless specifically mentioned. By successive 
applications of the formule of the preceding article, we may express /(2) in 
terms of the first derivatives of (7). 

We have, by definition, 

Sa) =f (2) . 
Sa) = f(z) + (e—ay fe), 
Fa) = f'e) + Ble—a) f(a) + (w@—a) F"@), 
Ie) = fe) + T(e@—a) f(a) + 6G(@—aP f'(a)+ («#—apf (ea), 
F(a) = f(x) + 15 (@ — a) f(x) 4+ 25 (x — af f(x) + 10(” — a) f(z) 
+ (w — a) f"(2), 


and so on. 
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Putting 
Fa) = ¥ Ale — ayfr"(z) , 
1 


n+1 
feth(a) = SA,(x ee. ay" f"(2) ’ 
1 


we have for the law of formation 


A,,=rTA,+A,1, 
and 
A=1, A= du, =. 


We may express this law more concisely in several ways, thus :* 
‘ ae © he a ey... 
(a2 — a) f(a) = dy | F(z) = | (a: 9) ge | F(x) 


n a , 
' par (@—a Mevad 
=F gor FC —D grey, 
1 aoe 
wherein z — a@ = e, and J’0” is the well known number in the Finite Differ- 
ence Calculus. 
Also 


F(a) _— 1 r F(a) : 


f d \n 1 
Ly) 
Again, 


f(z) == lz (x — “| "f'(@) 4 


in which the exponent of the square bracket indicates successive applications 
of the enclosed operator. 

10. If we take the expressions of the above article as defining differells, 
we show that 





( d” } a m —— gyn m—1 
ae (x — a)" = m"(« — a)”, 
where «@ is the base, as follows :— 
fa) = ad [(2@ — a) f'(x)] = d [m (aw — a)"] = m? (x — a)" 
oo aa . dx 7s ‘ 
fa) = 4 [(@ — a) m? (2 — a)” "| = m3 (a — ay". 


* Herschel’s Theorem. See Laurent, Traité d’ Analyse, Vol. III, p. 436. 
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If it is true for p, then 
SP?*"(a) a 4 [(a — «) m? (2 — ay" — mtg ic Dp a)", 


which establishes the result generally. 
11. We can, by reversing the process of Art. 9, express f() in terms of 
the first » differells, thus :— 


(a — a) f(a) = f(x) — f(r), 

(2 — af f(a) = f(a) — BF Aw) + Fe), 

(@ — a) f(a) = f(r) — 6F x) + Fa) — 6%), 
and so on. Or, generally, 


(— 1)" (e — ay" f(a) = FA, F%(e) , 
1 


n+l 
(— 1p" (@ — ay f(r) = FA Fra), 
1 


wherein 
A,’ =nA,— A 


? r—1l> 


and 
A, ,=1, A,= 4,49. 


n 
Since, when x = a, f(a) = f(a), we must have * A, =0. The above 
1 


results serve to define the nth derivative as 


> SA, f(a) 


t"(a)= ; 
e (¢ ) piel (— 1)" (a — ay" 


The general law for the expression of the wth derivative in terms of the first 
n differells will be given in compact form later. 
12. We have heretofore considered A as a positive convergent to zero ; 


when this is so and 0 < / 1, the arguments are distributed, we shall say 
progressively, from z, in the order #,,,,, -- +, “gin; % for the binomial form of 
distribution x, (1 — A)", and in the order x,, %)4,, ---, %girn for the exponen- 


tial form 2 ec". If / isa negative convergent to zero the distributions are 
regressive and both in the binomial and in the exponential form are in the 
order @y4,n, +++ 5 Vyiny Zp It is easily seen that the corresponding progressive 
and regressive differells are the same functions in either case. 

13. Fractional Differells. Heretofore we have considered the order of a 
differell as an integer, but as these operations are not repetitive, there is noth- 
ing in the formation of these functions to thus restrict us. 
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Let » be any numerical ratio, then 


Eply = Lot+ph » 
‘ 
a m A 
Ope, = (1 — &)Pa,, 
io y | Y a 2 . 
— (1 = Coa .  é C5 2£n I Se «) Bg 


The expression of an operator as an infinite series is one so frequently made 
use of, that we shall use it here in the same sense as it is employed elsewhere 
in mathematical investigations. 


‘ y y 
p — a 2 e ’ sie 
O,Xg gs Ly ( pl “gth r ( p,2  g42h see 


This series must be convergent in order to give meaning to the results. If the 
law of distribution is x, (1 — A)", and / is a positive number between zero and 


two, the series does converge, and we have 
N ‘ 
ORL g = Wy {1 aoe ql —h ) |? ’ 


= wh? ‘ 
In like manner, we have 


‘ 0 cae » 4 
Ope,” = a (1 — (1 — Ay"p, 
and there results from the limiting ratio,* 


p 
( d 1m =e 


| dea | 


~) 


the same function as when p is an integer. When / is a negative convergent 
to zero, the infinite series aboye diverges, and we cannot say whether the 
regressive fractional derivative exists or not. 

If, however, / is a negative convergent to zero and the law is ,e°", the 
series converges and gives the same result as above, while in this case when / 
is a positive convergent the series is divergent. 

In order to derive all the justification we can for these results, consider 
the law of distribution to be 2,¢". Now, n being integer, ¢;'\7J" = ayn, for 
any value of m; and 


D) 
dfx” = (1 — ¢,)*x2". 


But ¢fv7" ~ (e”"")"2}"._ Therefore, so far as the operation on 2," is concerned 


we may replace ¢«, by e’”". We have 


Opa,” Lae 1 — «)ra," iil (1 — &™)x," 
OPx, (1 — ¢,)Pa, (1 — e")a, 


* The base of operation here is zero. 
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Whether / be positive or negative, we have 


(de | yl" — mean 


Pp | 
[CPx | 
Another symbolical verification of this result follows ; we have, in § 9, 


pore) = fr TV pen 
e ~ l dy | J Z\ > 


when p is an integer; assuming it true when ¢ is fractional, let f(x) = 7%, 
then f(a) = ga?-' = qge?'”, and 


SMe) = (1 + QaaD, + Gre D, +...) germ 
= ge@™ (1 + Gang —1)+ Gareg—1P+..-]. 
If —1<y—1< +1, the series converges, and 
F(a) = ger = gra. 


For integral values of » we have the Differell Calculus as developed in 
the preceding articles. For each value of ¢ fractional or integral and positive, 
we can develop a calculus in which the operative symbol is 


{ de | 


dea \” 


which may be taken as a repetitive operation. 
Thus 
f de) (de) f[ de)? 


| dx j | dea | [dra | : 
and so on. In any such Rho-Differell Calculus, we have 


f ~<a } an giq—1)...(q—m+1pPar™ 
(deer | a 5 
which under certain conditions may be imaginary. This degenerates into the 
Differential Calculus when » — 1. 

14. Fractional Derivatives. The close relations existing between the 
Differell Calculus and the Differential Calculus, and the existence of the func- 
tions of the former when the operational index is fractional suggests an effort 
to define the operation upon the functions of the latter when the index of that 
operation is a fraction, through the existing relations of the operators in the 
two calculi. At the outset it must be seen that no fractional index of an 
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operation can be the result of a repetitive operation, but must indicate an 
operation per se, and upon the basis of this necessary truth rests the con- 
vention upon which depends the following interpretation. 
Letting the base of differells be zero for convenience, we have, when 7 is 
a positive integer, 
af (ae) = | Ai fF (e") 
\dyjo *" 


wherein # = e”. Let f(x) = x (y being any number), then f(e”) = e%”, and 
we have from the Differell Calculus 
uf ' (7) = aq” wit — grat “ 


From the Differential Calculus 


Jd” F 
oqy — NoQu _— Nn 
- é = Je =— Fat’. 
dy" q Y 
But when 7 is any positive fraction, say 0, we have still 
J ’ ors 
n ( dP?) 
af (P) ri = 2 | 27 = gPot, 
e ( ) dar | q 
XQ / 
And in the equalities 
f *% 
de) { de 
| a! =— 7 | | ae —— grat 
(dy | (dew | 


we know that both equalities hold good for » a positive integer, and that the 
second equality is true for » any positive number. Let us assume that the 
first equality is also true when ¢ is a positive fraction, thus defining the frac- 
tional operator in the symbol (/?/dy’). When » is an integer, the ordinary 
signification of 
( de \ { dP 
dy. (dy)? | 


(de 
dy j 


means that the operator //d/y is to be successively performed on a function p 
times, but when » is fractional no such repetitive meaning is possible for this 
operation and we can only interpret it as an operation per se. 

The question arises, if 
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It is necessary that » should be a non-repetitive operator, whether integral or 
fractional, and considered as the symbol of an operation in itself. We have 
wv =e and dy = dzx/r. Therefore 


(dey _f d 1, 
| | gr = | a e | & ’ 
_ dy? J [ (da Ja yp J 
which we write 
( dp ) 
| xP a, 
dae 


the value of which, is by the above definition ge” = gx’. 
When » ~ 1, we have 

- d ) | d ) 
t da | l dx | 
We assume, inasmuch as p is no longer indicative of a repetitive operation, 
that 
Ss are 
ma | a? | ap 


| f 
2 P| “Pp 
L dz J L dz J (de 
Under this convention, we have 


( de) 
Ee rae es 
L¢ wv? | 
Otherwise, using the separation of symbols, as in the infinitesimal calculus, 
we have 
dex? = gru? |d (log x)}° 


(dx) P 


ee | | 


2 J 
= grat? (dx) . 


For any positive value of », we can develop a calculus in which the fundamen- 


tal operative symbol is 
de ] 


|? 


f 
| dae | 


which can be taken repeatedly furnishing the repetitive operation of this par- 
ticular calculus. Thus 


and so on. But the exponential law 


{ dp ) 4 
| dae | — dae*? 
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does not hold. In any such Rho-Differential Calculus, we have, assuming m 
to be an integer, 


( d? | sis 
da? | 


a= q? (y il py lia (q iad m — 1p) at—me ’ 


which degenerates into the ordinary Differential Caleulus when p = 1. 


III. Expansion oF Functions. 


15. If the ditferell of a function vanishes for two values of the variable, 
the differell of next higher order must vanish for some value of the variable 
which lies between these two. 

In virtue of 7(x) being the mean value of "*'(x) between a and 2, we 
have 


F(a) = forr"(u). om ORs 


Now 
c ec : 
SPo"@) dz = (foe) de — fro) de 
b a ° 


= («e — a) f'™e) — (6 — a) f™ (5) 
= (ec — b) fu). b6<u<e. 
If f™(e) = fd), 


ce 


SPer%(o) dx = (e — b) fe). 
b 


In particular, if f"(c) = 7"() = 0, then must 
fee) = 6, 6é<e<e. 


It further follows from Art. 9 that, if the first x derivatives of f(7) vanish 
at « = b, then must the first 7 differells vanish at z =. Conversely, by Art. 
11, if the first » differells vanish, or have equal values, at 7 = 4, then must the 
first x derivatives vanish at « = b. 

Again, if the first x derivatives or differells vanish at z = >, we have by 
Arts. 9, 11, 

Farn(b) = (6 — ayn fr). 


As x converges to the base @, then 7(.) converges to the value 7’(a). 
16. Let ¢(~) and ¢/ (7) be two functions which vanish together with their 
first 2 derivatives or differells, when 2 = 6. Then 


a ¢g (r) a2 gtd) ne g"t)(b) 


g(r) Fb) GFN)” 
2b 
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17. Let /'(z) and (2) be two functions which vanish, as well as their 
\ first n differells, for 2 = c. Then the function 


J (2) = Fa) F(@) — Fe) F(a) 





vanishes when 2 = 2, and « = ¢, and also its first » differells and derivatives 
4 vanish for # = c. 

Then must J "(x) = 0, for 2 = u, between x and c; and J°(x) = 0, 
for x = u, between uw, and ¢; and so on, until /\"*(2) = 0 for 2 = u between 
a, andc. The same may be said of the first » + 1 derivatives of /(7). 
Hence we have 


J tn) _— F(a) Fervu) = Fi '(u) F(a) = 0. 


If F\"*(w) or #{"*"(w’) is not zero between 2, and c, we have, dropping 
the subscript zero, 


, ” i Fru) 
| F (2) = Fy\2) Feu) 
| 
ae 77, Fw’) 
i. — F(#) Fw’) 5] 
? wherein uw and w’ are values of 2 which lie somewhere between z and c, and 
therefore between a and c. 
4. Now let 


F(x) = (@ — ay. 
Then 
(e) — —& — @ [& — 2)" Frnt 
re (n + 1)"*' le — a| - (*) 

— (& = 2)" Paty 

~ (n+1)! silt ad 
for all values of # throughout the interval (ac). The interval (ac) being such 
that a < c, and w being confined to the interval (2 < c¢), the ratio 


(2 — a)/(u — a) <1. 


18. We now proceed to form a series which may be regarded as the fun- 
damental series of this calculus, corresponding to the Taylor series of the 
}- Differential Calculus, and we shall derive it from the Generalized Difference 
Chlculus in the same way that the Taylor series is derived from the ordinary 
Difference Calculus. 

Remembering that 


ép=(l—e)", = (1—a); 

















we have 


F (®o+nn) = ex F (&q) 
(1 — 6,)" f'(%) 


= f(%) — Caren F(@9) + Cn2P nS (%) —- +» +(— 1)" On F (ay). 


Let the law of distribution be x, .,, = 7, (1 — A)", and nh = fk, so that 


whenn = 0©,A=0. Then ayiinn = *y-% 
Since, 0.7, = ah”, we have 


0 te fag CO OED ay SI 


r O, ky 
fea £1.42 
| ee 2 n O; F(x 
= Iq (nh)” J : J On J 9) 
es OnXy 


eee 
= Vy Ps J '(2q) 5 


when x = ©. Also, we have, 


er SL 

Lytnh = Vg+k = Ly | 1— n | > 
J 

= ae 


; 


when xn = x. Therefore, if convergent, we have the series 


Slee") = fle) +e F(— IY BFC); 


wherein we have written ¢ for z,. Changing the sign of 4, this becomes 


F (ce*) = fle) + eS . Fe). 
1 ° 


Let » = ce*, then / = log x — log ec, and 
fo] ia 


F (we) =F(0) + ¢ £08 — N08)" poney 


r! 


When the derivatives of f(a) exist, we can write the coefficients in terms 


of the derivatives at ¢c, $ 9, and have* 


f(a) = fe) +e (log 2 — log oY § oor. an F%(C). 


p=! 





*Herschel’s theorem. See also Dr. McClintock’s Calculus of Enlargement. 
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Putting c = 1, this series furnishes the means of defining the functions 
de J"(e), as the coefficients of (log 2)"/r! in the expansion of f() according to 
the ascending powers of the logarithm of the variable, as the derivatives have 
been defined as the coefficients in Taylor’s series. 

The remainder after 7 terms of this series is easily found, as follows:— 
) We have 
(dad) 


| F (ce*) = torn F(X y 4) » 


dh | 
and when * = 0, this becomes 


(da) . , 
ljop| Sle) = ef"). 
Lah k=0 


Let 


F(k) = f (cet) — fe) —e S © prye), 


- 
This function vanishes when / = 0. Moreover if its first x derivatives are 
finite, uniform and continuous, they all vanish when * = 0, in virtue of the 
relation exhibited above. 

The function 


J(k) = ke F(R) — ky FR) 
vanishes when / = f,, and the function and its » derivatives vanish when 
, k =0. Therefore, by § 17, 
“Gt Se gon 7n+1 = 
F' (ky) = @ +1! Fu). 0O<u<h 


Dropping the subscript, we have for the remainder of the series, 


fn d ) at ; 
R — H 29" 
‘~~ (w+ 1)! ae | a 
ferti . 
—@emn yt 
_— katt i r(ynti (w pase a)" rT 
iad! u é Jor. = Tu). 
f 19. The fundamental general theorem for the expansion of functions in 


the Differell Calculus, is this: The function 
T®), Fi(q)s F2(@a)s «++ 5 Fnzs(%y) 
Filitg)s FEM g)s «+5 FON) 


F(z): 


: ; ty , 
, — F(a) — - A, f(z) , 
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wherein the A’s, coeflicients of (x), are independent of x but contain the dif- 
ferells of f(x) at z,, vanishes as do its first » differells when z = x,. Let 
F(«) = (« — 2,)"*'. Then by § 17, 
1a _ (8 — zy)" — 
F(a) = (n + 1)! Fu). 
Or, putting ¢ for «,, 
n+1 _\n+1 n+1 
i. = Pai) _(@ —e) if "nt+l/>,) _ ¥ n+l } 
f(a) = - A, f(x) + (n+ 0! IJ (1) < A,.f; (“) | : 
20. We give an independent proof of this theorem as follows. For brevity, 

let 


“a : , x 
En Tin(%p) — 3 On Finl 2g) —— On . 


Consider the function . ' 
Ti), ot ty SFnai(*) 


at 
“0 ? pte -n+1 





n at 
F(2) — £9 bd ee “n+l 
-~ 0 Py 2n 
fis fo, eeey Eng 


which vanishes when takes each of the n + 1 values z,,,,, (7 =0, 1, 2,..., 7). 
The value of this function is, by a theorem of the Differential Calculus (Annals 
Math., viii, 74), 


: Tn+1 
F(x) = (w — aq) (@ — Hy4n) - +» (@ — Lo4nn) a = , 


wherein w lies between the greatest and least of the values x and «,,,, (7 = 1, 


+3 
Since we do not change the value of a determinant by subtracting rows 
from rows, we have 


Ti), A (2), Soe SFn+i(*) 


»0O x0 0 





0» » YO ’ Cees On41 
Sn Sn Nn 
Fle) = Oy Oe ge way gee ; 
( ) Po 3 0 »1 dn 
| Oy, 9%, oy Ongy | 


We still do not change the value of this function when we divide the row of 
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rth generalized differences in the numerator and denominator of the ratio by 
0,2, for r = 1,..., x, which expresses the terms in these rows as generalized 
difference-ratios. Letting / converge to zero we pass at once to the result of 
the previous article. 

21. Forms of Rational Integer Power Series. Let f(x) = f(x) and 
Sia) = (x — a)’, then we have. 





, heii (a — ay (# — a)” 
J (@) : 1 ’ (a a) ’ (c Ps a) aS (e ae ey 
ae ee 
F%),9, ©, @ ,..., n' 
An) a pn n 
J (ec) ‘ 0 ‘ 1 ’ 2 re) n — (x — ce) flu) s 
1, 2, ..., »™ (n + 1)! 


wherein wu lies between z and c. We have therefore 


Wat + 2 (pra 2S OS pm 
J (a) hail A, = pom ( 1) Ay (ec pay a)P- (n rT 1)! J (v) ’ 
wherein 
A, = $ (—1ye SEP) pone), 
ra=i 
J(r, p) is the determinant J = 1’, 2?,..., 2", with its pth column and 7th 
row deleted. The remainder of the series vanishes when n = o. 


With the same notations as before, except now let 


eo 
FA) — (7 as 1)! te — ay ’ 
we have 
a i oe aw. Pao @—OY(e 1", we 
@— [fa] @ -op = Sse SVEN ea 


— S$ £0". C,,.(@ — ay (a — 0)". 
1 


If « = c, then 


(dd \" 


| dne _ 


(2 — c)? = J?0".(e — a)’. 


c 
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Moreover J?0" = 0 for p > n and is p! when xn = p. Therefore 


1(@—e) 1 @—eP 1 (¢—c)" 


FO) 94s 1! (e —ay’ 21 (e—a)’’ °°’ ni(e—ay" 
Fe) 1, 0 ; 0 arma 0 
f%),0, 1, 0 yee, 0 
as J' 0? 
Ie), 0, 1! ’ 1 , e889 0 =E—t soi Sor "(w). 
~ (n+ 1)! 
— J' 0° £0 
fF‘ (ec) 0 1! 9 9! «cong 0 
es J 0” ig 0” 
Fe), 9, TI ; 21 porate s 1 


The coefticients of (2 — c)" are now in finite form. We are now prepared to 
give the general law promised in § 11, for the coefficient of (« — c)’ in this 
series must equal the coetticient of the like power in Taylor’s, therefore we 
have 


Them, 1 « O pact 0 


= J 0? 
Pi “(e), eT * 1 , e889 0) 
vv. Se FO 
(— 1)’ (e — a)" 'f(e) = (¢), 1! ; 1 . Pew 0 
oe ee eee 
e Seal 1! ’ ile PS |. 
Ifc = a, fe) = f(a), and the determinant vanishes as was stated in § 11. 


22. When f(z) is a Taylor’s function, we have, base zero, 


ny x r 
f a bi f(z) = sr gtd . ”) = By 2 50". gad’ ta 2 
Lé t r=l - 
Put f(z) = e’, then 
yr) Qn Qn 
fee © ta e+ es... 


1 r! ay 3! 








> 








—— 
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or the series on the right is the product of e* and a rational integral. If 
td 1, 
iz J’ gr 3” 
C «= —= 1] + +s i 
1 v! a1 3rt 
By assigning values to ~ we get different infinite series for e. 

23. We have heretofore been using 7 (7) as a Taylor's series. If the func- 
tion cannot be expressed in Taylor’s series, we must go back to the funda- 
mental limiting ratio to determine the differells. For example, when the base 
is zero, (log x)” cannot be expressed by Maclaurin’s series. Its mth differell, 
however, is readily found to be 


ES (log a)" = wm (mn an | ..(m — 1) | (log 2)" n 
For 
{ dq” ) mall, d = aie 
t | Fan | (log x) — - | @ de | )" dog 2) 
an f d 


2 id (log x) | —. 


In like manner when the base is a, we have 


(@ a f d } 
le dx | —a | log. (a —a) | 


} flog (x — a)|* = aa "tos (a ard a))™ 
= m! [log (x ote or 


n! r—a 


We can now easily deduce the series of § 18, by the general method of §$ 19, 
20. 
Again, letting 7 (7) = log x, we have 
Fc. iy! a ~ ‘ 
ri 
equal to unity for x = 1 and zero for x = 1, 2, 3,.... 
IV. (6) InTEGRELLS oR NEGATIVE DIFFERELLS.* 


24. Heretofore we have considered only positive values of ~ in using dif- 
ferells, we propose now to notice those corresponding functions in which x is 
negative. We shall, for brevity, call such functions ¢ntegrel/s. The integrell 
bearing to the differell a relation somewhat analogous to that of the integral 
to the derivative. 


* Read before The American Mathematical Society at Springfield, Mass., Aug., 1895. 
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25. We might simply continue to define negative differells by using the 
property that each differell is the mean value of the one of next higher order. 
Whence, descending by units, 


FO (a) = - 1 Sr (7) dz ‘ 


—a 


_ F(@) — F(@) | 


x—a 


Which is the fundamental function with which this caleulus deals. Geomet- 
rically pictured it represents the inclination of the secant through the points 
a, F(a)|, [z, f(x)] to the z-axis. This becomes the tangent to the curve 
y =f (x) atx = a. Correspondingly 


FU@) = 


x 
1 f ieee 
F(x) dx 
—— f fre) de, 
a 
is the mean inclination of the secant for all points in the interval (az). Gen- 
erally, we have 


= 
T' n—l (2) -—— io cme a fF) da . 


Or, the integrell of any order is the mean value of the integrell of next lower 
order. Clearly, if ¢ is a constant, 


If f(z) = (« — a)”, it follows directly that 


a 


(x == li 
| de wie " 


} 
‘indie dieoiene 
J WW 


If zero be the base we have the corresponding values as for differells. There- 
fore, so far as Taylor functions are concerned the differells derived are true for 
positive and negative integral indices. 

26. But, it is well to found the integrell as we did the differell, upon the 
limiting ratio. We have according to our original convention 


é-* - J (#5) = (1 = En) om SF (#4) 


— 2 i; ° F (@o+rn) 5) 


rv 
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wherein //,° = 1, and 


Hy = Lf n(n +1)...(n+7r—1). 


Since (1 — ¢,)~” is expressed as an infinite series we must give this defi- 
nite meaning before proceeding further. What we are to be concerned with, 
is the limiting ratio 


f On" P(e) _ ry oe, 


bad On "Ly ~~ (1 — &) "2, 
We have, when the distribution law is z,_,, = «,e~", 
>—n, ( —h 1 —2h } 
O,"@, = 2 |1+ ne" + gy % {n + 1j)e*+ a, 
= 2, (1 — e“)"", 
65 *a = a (1 — em). 


And these are true whether x is integral or fractional. Consequently, we have 


r a) os 
d-" one fees" al a £ ( 1 —s" h ] n 
yn wie »—n, etittin ~ g—mh 
6 -*z, } O, "2 1—e 
9 ) axa C8 nao & J 
sn—l 


a 
a” 


m 
But when we attempt to form the integrells of an absolute constant by 
this method, we are met by the difficulty that the result is infinity. For 


Sn, 


o"e = 0, and 
ee = (1 — 0)"e = ¢. 

3 a = (1 — +) * c= c(i — i)"*=-e, 
while 
O7"r a (1 ss oy. 

Therefore we infer that the integrell operation applies only to functions which 
have no absolute term, that is to say to the difference of two values of a 


function. 
We have 


2 
ar 


F(a + a) — f(a) = «f(a + ot ()  sasy 


and 
f ie ] Y J we Fo we, , 
| d=*a | [A(@ + a) —f(@) =P + ste S (a) + gran 7 (a) + .... 
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Now if we put x = 0, we define the integrell of zero order to be 


( @ ia 


da | ILf@+ a —fOl =P + Jr + 50° + 


_ S(z + a) — f(a) 


L 


Or, changing x + «@ into 2, 


ie ts ™ 

{ dx } [ 7 (2) = S(a)| = — ¥ (@) 4 “OI gn Se ( a) - 
f d™ | \— fay — S@)— fo 

dy [ F(x) J(a)) = 2 - a ’ 


agree to write f-"(x). Integrating 7'~"(.”) between «@ and 2, we find 


f-"-""(2) = — f- p(w) da. 


Therefore the integrell is the mean value, between z and a, of the integrell 
of next lower order, and each has distinct reference to an interval whose base 
is a. The integrell of a constant is thus zero. The foundation of the integrells 
as here developed is the same as that of the preceding article. 

27. Applying the above results to the function (# — «)”, base a, we have 
for the ath integrell 

(x — ay 
mm 


In like manner when ¢ is not the base a, we have when (x) = (# — ¢)”, 
K(x) — F(a) = Ca, (a — ey" (@ — a) + C2 (@ — 0)” 7 (e@ — af +... 


+ C m,n (a _— a)”. 
Therefore 
x — a) 


f(a) = Cual(a — o)™"" + Cy2(a@ — )” . - T 


+0 (x — a)" 
uaym m"” 
In this put = ec, then 
P(—nN)f/ rp) — 2\yu—l1 Cy Cai | 1 m—1 C,. i,m 1) 
f-"(e) = m(a — e) | — gaat bese + (—1) a P. 
Now we have (Chrystal’s Algebra ii, 183), 
n! = ' —— r c.. r 
a(e + 1)...(@ + n) tS wr eS 1) (2 + r)Pt° 








which we agree to write (x), also the zth integrell of the above function we 
+4 e bd 5D ° 
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Let e = 1,» = m — 1, p = n, and we have 


1 ae Cn—11 ae + (— _ Cocctsnit — 1 


grt! mt m 


2 
LI me . 


wherein /,” is the sum of the products of the numbers 


1 1 1 
=. = = 


taken 7 at a time with repetition. Therefore 
Foe) — (a pl ey" Pe : 


28. Expansion of Functions : 
We have 
eg," = (Ll — 4,)™, 
therefore 


en” (@y) =F (#o) + An On F (eq) + Hn?’ f(g) + ++» 


| Mf, (mh) (, , 1)e 
S a-an) =S (te) + 2% § (nh) + CO) b+ alae + oo 2 


| 
n | Ox 


or, 


wherein 7,_,, = #,(1— 4)’. Let nh = &, and / converge to zero. Then 


ad | a i? 779) 5 
P(e yat) = F(t) + 5 RAM) + GSO) + -- 
which is the same logarithmic expansion as was deduced in § 18. 

29. If F(x) be a uniform, finite, and continuous function from @ to c, and 
if the first » integrells of /’(2) vanish at 2 = c, then must the function /’(z) 
have n + 1 distinct equal values between a and c, including these limits. We 
have 
1 r 1(—N+1)/ _ 

2 ma (x) dx = 0, 


a 


Fe") = - 


Consequently 
Pore) = 0. a<u,<e 
But since 


Wy, 


Cc c 
>. ad . 
f f + f . 
e e e 
a a Uy 


then must 
For+(u,) = 0 ; For Us) =— 0 ‘ 


(a < uy <u), (u < uy < ec). In like manner must /'~"**(2) = 0, between 
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uv, and a, vu, and u,, u, and c, and also at c. Continuing thus we see that 
#+"(r) must vanish for (7 + 1) distinct values of . between « and ¢, includ- 
ing ¢. Therefore /'—'(x) = 0, for n distinct values of « between a and ¢, 
including c. But 


pg) =} FPO FO ae, 
zr—a c—d 
It follows that /(v) = F(a) for these n values of z. Consequently /’(#) has 
n + 1 distinct equal values between « and ¢, inclusive. 
30. If /'(x) be a Taylor’s function in the interval (a, c), it has been shown 
in the Differential Calculus (Annals Math., viii, 74), that when it has » + 1 
equal values in the interval, we have. 


F™"(u) 


F(x) eds F(e) so (@ — c) (a —_— ,) e008 (x — ee 1) (wv i a) (n 4. 1)! ’ 


wherein w lies between the greatest and least of @, ¢, “4, ..., %,-;, or in the 
interval (ac). We may write this result 


= e)"t 


F(a) — F(e) — pti (a : F"+(u) 


n+ 1)! 
wherein 0 < @ < 1. 


31. THEOREM. 


F(®) 5 fil) 5 ++ +5 Fnti(@) 
Fig) 1 JG ¢ seer JS she 


$M), AM. oo FEMO 


FO™%), FMOy os FGPMO) 


[minor of f(2)] 


F (2) = 





is such that its first x integrells and the function vanish at x =e. Therefore 
the function vanishes n + 1 times between « and ¢, ine‘usive, and by § 29, we 


have 
(ec — ey" 


So n+l 
F(z) = 6 (x + 1)! 


F™*"(u) 


Moreover, since the function aiso vanishes at « = a, we can replace c by @ in 
the second row of the numerator. 
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32. Let f(z) = (2 — a)”, then F'"* (uw) = f"*"(u), and 
Jr+ ( ‘ 


f(x) — f(a) r—a z—a)*™! 
ak TE Ot Ty Ee 


( 
_ | 
z—a c—a le—a] 


wwe > 1 b iy ee ee ee n— 





r(—n)/_,’ Q-n —n \ 
E ite | he hy lene n __ eal — a) fetta) 
Pr Sosy EO (xn + 1!) °* 


Again, let f.,,(7) = (@ — ce)", then as before /'"*(w) = f"*"(w) and 


J (#) — 


rie 2—c fe—e)* 
: 4, “ Sate. Va | 


x—e a@a—ec [a —c} 


frye ,1, PP ,..., Be 





_ (e) ? 1 ’ e ; 2249 Fog pat gnti(c— a)" f"+"(w) 
r 1, Se (m + 1)t 


These series cannot be written in practicable form until the ratio J(7, p)/J can 
be evaluated when 7” == ©, as was the case in § 21. 


V. GENERALIZED DIFFERENCE Ratios. 


33. In forming the so-called generalized differences of a function, we 
departed from the ordinary method by changing the distribution of the argu- 
ment, but retained the method of operation of differencing by forming the 
successive differences in the ordinary manner. We might have, more generally 
still, defined the nth generalized difference of a function at 7, to have been 


fe; wo 


f ae Fitted. 34 Ms +s 
Oj fF (ay) = =e i, Pe; ee pe" ; 


S (®o4nn)s 1 ’ Pa errs , 


wherein the p’s are numbers ( p, = 0), the law of whose formation is arbitrary. 
The corresponding difference of the argument is obtained by deleting the 7. 
These differences evidently vanish when 2 = 0. 
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We have by expansion 


. On FT (2q) = = (— 1)"A,. fF (gyn) ’ 
wherein A, = }, and 
, (Pr aK Po) eee (Py — Po) 


res 


(Pn — p,) Bias (Prti — Pr) (Pr — Pes) eee (Py — Po) 
with a corresponding value for 0,'x,. We are concerned with the limiting 


x a, 
On| TF (2,) 
Oey 


A=0 


ratio 


If the law of the p’s is p, = 7, we have the results of § 2. 
34. Let the law of the p’s be not p, = 7, and let the law of distribution 
be 
Sein = By + Th. 
Then evidently 





n 
a s y ey r A F(x a 
£ On TF (2g) = a ( 1) 1, f(t, Ke rh) 
2» oon n ? 
noo “ho h=0 h S(—1)' A, 
1 
4 4 (— 1)" 7A, f'(@y4n) 
n ’ 
h=0 zx (- 1)’ rA - 
1 
= SI‘ (&q) ° 
And generally 
a ‘ "mn a 
f™t(a,) os $ on J (a) ; 
On Ly 


r=0 


whatever be the value of the finite positive integer x. 
If the law of the p’s is not p, = ¢(7), the same results hold when 


Lo+rh = Lg + h ¢(r), 


as for example ¢(7) = 1/r. 
35. If the law is z,,,, = 7,e?”, we have the Calculus of Multiplication, as 


> An ym 
One = 
ek 
One 


A=v 


is easily verified by 


























ON THE SYMMETRICAL FORM OF THE DIFFERENTIAL EQUA- 
TIONS OF PLANETARY MOTIONS. 


By Pror. Ormonpd Stone, Charlottesville, Va. 


The differential equations usually employed in determining the motions 
of the planets, 


dz, . (1 + m,) oe ip 
yr ~ : ve; > ’ 
dt " cd’; 
2 oR, 
at at | el L Yi ae mir > ‘= 1, 2, ’ a“ (1) 
dé r a7 
dz,  B(L+m), _ oR, 
eth 


are unsymmetrical, since the functions /?,, 7,,..., 7, are not the same for 
each planet. The symmetrical form* may be obtained in the following man- 
ner :— 

1. Let &;, 7, €; be the coordinates of the different masses of the system 
M, referred to fixed rectangular axes. Let G; be the center of gravity of the 
masses M,, M,,..., M,; let x;, y,, 2, be the coordinates of V/, referred to three 
axes parallel to the fixed axes, but passing through G,_,; let 1, 27, 7, be the 


1 
coordinates of G;; 4, = *,m,. If the number of the bodies be x, G,, will be 
1 


the center of gravity of the system. We shall also have 
& = 11+ x, (2) 


in which 1, = ¢,; and, if we put 2, = 0, we have Y, = 5, in which -Y, is 
introduced merely in order that the nomenclature in (2) may be applicable 
throughout. 

We have, also, in accordance with the properties of centers of gravity, 


. ‘ . . 
Kadkian + mé, = mA; (3) 


‘ 
whence, substituting for ¢, its value as given by (2), we obtain 


judy. + me, = wd, 
or 
me, = py; (X; — X,). (4) 


*See Tisserand’s Mécanique Céleste, t. i, chap. iv, the substance of which is derived from an 
interesting memoir by M. R. Radau, entitled ‘‘ Sur une transformation des ¢quations differentielles 
de la Dynamique ” (Annales de 1’Ecole Normale, 1 série, t. v). 
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Squaring (2) and multiplying by ,, we have 


mee = maz? + 2nea,X,., + mAZ,; 


’ a : mM, . 
whence, adding m,v, (VY, — X,,) —  ' #7? = 0, 
tL 


aie th; . eh 2 — 
mée=m,! = a2 + mex, (X, + Xi) + m,X2,.- 
i 


If 4, (X, — A;_,) be substituted for m,7,; in the middle term, this becomes 


uh 


mée = m,* a x? + (xX? os Az.) = MA 4. 
fi 
Wt; 
_ iy 2 r2 7 - 
= Mm,* - Y% + pA, - Mad; 13 
rt 
or, since 4, = 0, 
£ a " wt 
’ oe Pes 8 a 
<i Msi = omy = ae + Puan . (5) 
i 


2. Equation (5) may be obtained in a still simpler manner. Equation (4) 


gives 
. , m; 
Ay = Yi, + 1 4; 
Vi 
whence, substituting in (2), we have 
- ee 
& = A, + “ ®,. (6) 
‘ 
From (3) we have, also, 
mE, =< fel, — Macy. (7) 


Multiplying the left hand member by ¢,, and the terms of the right hand mem- 
ber by the values of ¢, given by (6) and (2), respectively, equation (7) becomes 


) ro ry r , 
ns; = mA “ieee [ya i-1 fi % CY, = X,_,) 
é: €: pe ED et 
— we; = Made + Mm, —— 2," ; 
Fiat 


whence, as before, 


n 
’ a ’ Wh; 9 > 2 " 
\ a2 ey i“i-1 mp2 2 i 
a{ Ns, = <4 Mm Ce + Maly - (5) 
1 1 i 


3. If we differentiate (2) and (3) with reference to ¢, we see at once that 
the relations between the differentials are exactly the same as the relations 





@ - 
6& 
ve 
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between the corresponding variables ; hence we may substitute the differen- 
tials for the variables in (5), and obtain 
% ai) $f, { davg }? _ (are }" 


— pe _—— | 8 
it “abil i lat | + Ht "I dt i (8) 


There are also relations similar to (5) and (8) for the coordinates 7 y and €£. 
Adding, we have 


= 2. fin ,, 
{NPE FS 5 NG . —* 4s / u,, Le,” ’ (9) 
1 1 


in which op? = €?7 + 47 + C7, 7? = a? + yw? + 27, and L? = 1,7 + V2 + Z,’; 
also 


SN“ 
wr 
-. 
' 
- 
~ 


». 


n (de; \? ( a oa (dt, )? 
27'- Som i + + | wis ] 
| de | [ dt | ( at | 


Dw Pe - (din, 1? (dy)? _, (de)? 
i Lae | | ae | bs at| | 


(dX,\?, (dY,)7, (dZ,)? 
+ ol Get) +1 Get] + Ge] (10) 


4, An examination of (6) and (2) shows that we may write 


ay; _ d < i b- t dy; —— d Ven dy; 
a a? u, dt at dt ° (11) 


Multiplying m,é,; by the first member of (11), 4,-V; by the second, and 4;_,44_, 


by the third, equation (7) becomes 


dY,, 
dt 


d Yi 


» an XxX aY; , , dy; 
~ dt 


Mere ye = Ma MAA ae 


— (4 AG: — -[& Ag 


Le a tty -Xug tT + 5 Mit gy, OY 


= has dt m ' dt" 


= 


dé, 
A similar expression can be readily obtained for 7,7; It ; whence 


a fy dy de) { + #F, _y dX, | 
ia i dt 4 dt} — Fn | 4 dt Y, dt j 


+ Syn, en | vy dys —% ae f . (12) 
1 fi | dt dt J 
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5. If U be the force function of the system, we may put 





oT oT’ oT 
> — - - > ———~ ~ P= —7 3; 
f ,dX,,’ P, ,a} ; ’ ,4dZ” 
a "-& ~ Ot 
ee a 
Psi = 5 da; ’ Pri, = 5 dy,’ P3i+2 = 5 dz 
~ dt dt * dt 


and write the equations of motion in the well-known canonical form, 


aX, #T—U) | du _#(T—U) 





dt oP sis dt OP si 
OF ne ee) cg Se SE, i. (13) 
dt oA y dt ony 
Since (7 does not contain XY, )”,, Z,, but only the differences =; — ¢,, 
4i — hj, Ci — £;, equations (10) and (13) give 
aX, @#Y, #2, _ 4. 
° a” a 
whence, by integration, 
A,=a+ad, Y,=—ft+/, Z,=zt+7', (14) 


in which «4, «’, 3, ;¥, 7, 7 ave arbitrary constants. 
Also, since 7’ does not contain the x, y;, 2;, but only the velocities, (10) 
and (13) give 
iy dx; ou Uy) dy; © l : : Gy dz, Pal OU ~ 
m;! =, ie a a 2 gE am (15) 
mw dé On; u;, db oY; wy dé oe; 


t ‘ 


which have the symmetrical form desired. 




















CALCULUS OF VARIATIONS. 
By Dr. Harris Hancock, Chicago, Ill. 
SECOND ARTICLE. 


1. Discussion of the first variation. As a more general form of the 
integrals which were given in problems I, II, III, and IV (see ANNALS oF 
Maruematics, Vol. IX, No. 6, p. 183 et seq.) let us consider the integral 


I= { F(x, yi y) de, 


where F(x, y; y') is a known function of 2, y, and 7, and where the limits of 
this integral, 7, and 2, are fixed. Hence (loc. cit., p. 189) 


41 =f Fe, y + 43 y + ey) da —{ F(x, y; y') dx 


= § [Fiayt+ysy +7)—F (ay; y)\ de. 


This expression, when expanded by Taylor’s theorem, is 
I ? y ‘eo ’ 


i ee Lore ae 
=f l ay Ut ay Sree Oe 


We also have, as on p. 189, 


.2 


PT + ...; 


‘ 47= cdl +. 
Of + i 
and by comparing the coefticients of ¢ in these two expressions, it follows that 


T= fy Sy lar. (A) 
iS < e, 


Remark. In the particular case given (p. 183), # = 2zy V1 + y”. 
Hence 


oF — oF Qryy’ 
= 2711+ y* and dad —- 
cy 


oy v1l+y?’ 
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and when these relations are substituted in (A), we have, as on p. 190, 


2 f 5 
ol = 2 { lyl+y?*7,+ —- VY —w i de . 
yt Vil+y** J 
2. From the relation 
AI = eal 4+ — eT +..., 


it is seen that when ¢ is taken very small, <* is as near as we wish to zero; and 
consequently when ¢ is positive and indefinitely small, J/ is positive. On the 
other hand when ¢ is indefinitely small and negative, J/7 is negative. 

Hence the total variation J/ of the integral will be either positive or nega- 
tive according as ¢ is positive or negative, so long as 0/ is different from zero ; 
and consequently there can be neither a maximum nora minimum value of the 
integral. 

We know, however, if 7 is a maximum J/ is always positive, and if / is 
a minimum J/ is always negative ; and consequently in order to have a maxi- 
mum ora minimum value of the integral Ol must be zero. 

3. Applying the above result to the example given in Art. 1, we have 

re ( “ yy dz, ) 
0 = 2c { ivi+y*a- —=— +, | dz. (1) 
rf yr s+ y dx | 


e 
i 


Integrating by parts, the integral 
-_— a [ we ~"_fal_w 1, 
J v1i+ 7 ~Lyis+y |S de(\V1+y7j\0? 
Xo vy 


and since, by hypothesis (p. 189), 7 = 0 at both of the fixed points 7, and /,, 


we have 
[q%—)]"-0 
| nd 
J 1 a y Bo 
Hence (1) may be written 


“ a al yy _} 
o=af [i I+ — ali ral | ade (2) 


o 


4. We assert that in the expression above 


en ( f 
VIF¥ d yy) 


“mist cH 








- 
* 

















- 
* 
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must always be zero between the limits 2, and z,. For, assuming that the con- 


trary is the case, then, since 7 is arbitrary, we may, with Heine, write 





+ 


inten gf yy ) 
7=(@— a) (m—a)[ VI FH — 3, |") I, 
*iwity) 
where 7 becomes zero for the values 7 = x, and + = ~,, and is positive within 
the interval 2, ... 2. 
Substituting this value of 7 in (2) of the preceding section, we have 


x, , , 
ona f[rtey—J, W | @—a) (a — 2) de 3) 
ade de | V1+ y? ( o7 1 . ’ ( 
Bo . 

an expression which is positive within the whole interval x, ... x. 

The integrand in (3), looked upon as a sum of infinitely small elements, 
has all its elements of the same sign and positive ; so that the only possible 
way for the right hand member of (3) to be zero is that 


7T{ yn 7 
¢ YY |= 0. 


| 1 ee y” —_ > la 1 + y’ 


ci J 
We therefore have a differential equation of the second order for the determi- 


nation of the unknown quantity y. 
5. This differential equation is a special case of the more general differ- 
ential equation, which may be derived from the integral 


l= f Fy, yd; 


whence, as before (Arts. 1 and 3), 


as above (Art. 3), 
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But 
i ee oF .; | 
dF (y, Y) =~ dy + a dy’, (2) 
cy cy 
or 
(oF 


dF (y, ¥) — | 


oD ) 
| a — dy +=, dy |=0. 
LF cy J 


Hence, from (1), 
. d (dF ) oF 
li a’) — ia dy |= 0 
dt (y, v) lz 1 3y/ as + oy | 


or 
, oF ) 
dF (yy witié —— > ==, 
(YY) UY oy 
and integrating, 
cy 


where C is the constant of integration. 

The relation (3) exists only when the integrand of the given integral does 
not contain explicitly the variable x; otherwise the relation (2) would not be 
true, and then we could not deduce (3). 

6. Applying this relation (3) to the special case above (Art. 4), where 


I Y; Y) Sa 1 i ae 
we have 
yvils+y— =m, 
m being the constant of integration, a quantity which we shall consider later 


more in detail. 
The above expression may be written 


y(l+y*—y’") 


, ‘¢ y? —N, 
or me 
y=mypl+y’. (I) 
From (1) follows directly that 
ye — mt = nt E \ 5 (II) 
and (II) differentiated with respect to a, is 
Y= mW d’y 


dx 
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Two solutions of this differential equation are 
zx 


r 
y=em and y=e™, 


so that the general solution is 


xr = x 
y=ece"+ce™. (ITT) 
It appears that we have in this expression three arbitrary constants, mm, c,, and 


, » — . (dy)? . 
c,; but from (IT) we have, after substituting for 7 and | 4d | their values 
| dx 
\ 


| 
J 


from (III), 


m = 4e,¢, = 
Hence, writing in (IIT), 
20! Xo 
Q= gin e m and CC, = dm em, 
where 2, is a constant, we have 
y¥= dm (e%—%0/ m4 e7 (%—%o)/ ™) , (IY) 


which is the well known equation of the catenary. 

The two constants z,/ and m are determined from the two conditions that 
the curve is to pass through the two fixed points /’, and /. 

Remark. Equation (III’) takes the form 


y= 4m(e +e), 


when we write z = ~, + mt. 
7. Properties of the catenary. 
Equation (IT) above is 


yy — mn? = my”, 
or 
+Vvy¥ —m=my. 
Therefore 
da = + — a , or — __ —- (IV) 
Vy —n vy—m 


The integrals of these two equations may be written 





= log | 


Wb L am 


oS stn litte), 
m L m J | 
and 7 (A) 
gg (¥-VF =), 
J 
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Hence 
x—2,! 2 
Po errr | 
m 
and \ (A’) 
r—z,,’ [| 
ee nn = y =o — ; | 
WN ) 
sy the addition of equations (A’), 
; r—z,’ _*%—2,! : 
y=tm(eu +e wm), (tI ) 
8. From (LV) we have 
dy - : 
Vie dz = + J y - Wty 
and this from (IIT1’) is 
dy a : 2-2,’ _«@-2,/ — 
Mm —— = + y —m*=—inmni(eé m —e mF \ 
dx Vy 2 ) (V) 


On the right hand side of this equation stands a one-valued function, but 
on the left hand side a two-valued function. Hence we must define the left 
hand expression so as to have a one-valued function. 

If in the expression (V) we make w > ~,’, then 


x—2,,’ __ %—2,! 
em > ¢ my, 
and consequently 1 7° — m* is positive. But when « < «,, then 
2—2,," __ £—2,' 
¢ mn oe mM t 
and then 1 7° — a? is negative. 


Hence from (V) there is only one root of the equation /y//x = 0, and 
this is for the value # = w,. 

The corresponding value of y ism. This value i is the smallest value 
that y can have; since dy//72 = 0 is the condition for maximum and mini- 
mum, and /*y/d¢2z* is positive, so that # is a minimum value of 7; and since 
) 7° — m* is continuously positive or negative there is no maximum value of ¥. 


Remark. The tangent to the curve at the point (7 = «,, y = mm) is parallel 





to the z-axis, because at this point, dy/de = 0. 
9. At every point of the curve we have 


dy/dz =tanzt=Vy¥y— mm. 
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Hence, to construct a tangent at any point of the catenary, for example at 7’, 
drop the perpendicular ?@, and describe the semi-circle on /’Q as diameter. 











Fig. 1. 


Then with radius equal to m, draw a circle from Q as centre, which cuts the 
semi-circle at 2; jom and P. The line ?P is the required tangent. 


Again 
2 . reef y—m),, ydx# 
ds? = dz’ + dy? = |1+ YM ae 7, 
L Ve | we 
r 

consequently 

ds = yde = 4 (e# To')/m 1 e—e—ho')/M) Tx ; 

m 
and integrating, 
ii tos _— IL (e L—Ky)/M __ g—(F—X,y') / ~ — | y — mn? . 


where s,’ denotes that the arc is measured from the lowest point of the catenary. 

The geometrical locus of /2 is a curve which cuts all the tangents to the 
catenary at right angles, and is therefore the orthogonal trajectory of this sys- 
tem of tangents. This trajectory has the remarkable property that the per- 
pendiculars Q/7?, ete., of length m, which are employed in the construction of 
the tangents to the catenary, are themselves tangent to the trajectory. 

This trajectory possesses also the remarkable property that if we rotate it 
around the z-axis, the surface of rotation has a constant curvature. 





Further, /’.V, the normal to the catenary, = y see t = y°/m, and 
’ dy ) 3 $ (ds )\3 
1 + Ea | | ; , 
da P | du J (y mv)? y 
9 = ™ =< = =e -~= ct, 
d*y d*y y/m m 
dat dit 


or 


PN = PC (see Fig. 1), 


where PC is the length of the radius of curvature. 
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10. The geometrical construction of the cutenary. Take an ordinate equal 
to2m. This determines the point P (see Fig. 2). With Pas centre and radius 


P 








Fia. 2. 


equal to #, describe a circle. This intersects ?2 at a point A, say. On the 
circumference of this circle, take a point A, very near A and draw the line 
PA,B,, and on this line extended take 7, such that PA, = A,B, With 
radius A, draw another circle, and on this circle take a point A, very near 
the point A,, and draw the line /),A,2,. Take on this line extended the point 
P,so that P,A, = A,B,, ete. The locus of the points A is the required 
catenary. 

The accompanying figure shows approximately the relative positions of 
the catenary, its evolute, and the trajectory. 


+e 
a" <i | 


Co Lop. 








Fie. 3. 


Erratum. In the last paragraph of Art. 2 (p. 82) the words positive and negative should be 
interchanged. 
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SOLUTIONS OF EXERCISES. 


ie 379 


Finp the radius of a circle circumscribing the three tangent-circles of 
radii a, b, and ¢, respectively. [F. P. Matz.) 
SOLUTION. 
It may be easily shown, where «, 3, 7, 6 are sides of a quadrilateral, and 


A and yp are diagonals, that the following relation exists :— 


[477 — (o? + #? — #)*) [420 — (FP + PF — 7) 


=F lad (@+ RP — F)\(FP4 Pf —f)—A(e4+ F— p)P. 
From the geometry of the figure a=a-+c¢, 3=b+¢,7=— R—AO, 
6=Rh—ai=a+byp= R—e. 
1 ¢ By substituting these values we obtain a quadratic in 72. One value of 
ae 7? is the radius of circumscribed and the other the radius of inscribed circle. 
[O. W. Anthony. | 
393 
* ¢ . . 7 *. . . 
Snow that if y be a quadratic function of x between the limits 0, A, its 
mean value can be expressed in an infinite number of ways by the formula, 
dy, + (1 — A)y%, where y,, y, correspond to the values 
i ee. ,.(/21—4 oon. wy . - 
i a WVi2>4 0° °F BC NET — 2° 
[W. M. Thornton.) 
SOLUTION. 
The solution is a transformation of the formula (14), ANNALS oF MaTHE- 
matics, Vol. IX, p. 6, wherein we have for the mean value required 
ay (l—a)ym + dy, 
and 
2=—po+q, (1) 
. with the condition 


P+pat+e—F(pt+g=9, 
or 


(pP+ay—s(P+N)=P9; 


or 


42 — 3A = py. 




















SOLUTIONS. 
Combining (1) and (2), we obtain 


Again 
2, + p(% —2)=0, 
a + q(a%—a)=h; 
whence 
a _h_ hp +9 
"2 2p—q 
h 1 | i 
oe owt 
2 \1l2(1 — +)’ 
and 
h 1 j 
a — | A = 7 
: 2 +h \ 123 [ W. 77. Echols.) 
396 
Snow how to solve the simultaneous equations: 
x =ysin(z + 4)=ysinzg—a= ysin (z+ 5) —); (1) 
e(l—siny)=a, e[1l—sin(y+ f)]=—4. (2) 
[ W. MW. Thornton. | 
SOLUTION. 
From (1) 
y [sin 2 — sin (2 + a)] =a, 


and 
y [sin 2 — sin (z + 9)] =a—b. 


By division and substitution 


cos (2--+ $a) _ a sin $3 
cos (2 +4) (a —)b)sin fa" 
Expanding and dividing both terms of the first fraction by cos 2, 
cos$a —sinjatanz asin} 
cos$3—sin$jtanz (a—6)sin 4a’ 
from which 
asin 3 — (a —b)sina 
tanz= | : : 
a (1 — cos 3) — (a — b) (1 — cos a) 
Having found z from above equation 7 and y are derived, in terms of 2, 
from equation (1). Their values are 
_—s- @sin (z + a) 
sin z — sin (z + a)’ 
y= a 
Y= sin z — sin (2 + a)” [Mareus Baker.| 
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397 


HIVEN two straight lines referred to rectangular coordinates ; find geo- 
metrically an abscissa such that the sum of the squares of the two correspond- 
ing ordinates shall be a minimum. [Re. A. Harris.) 

SOLUTION. 
Suppose the equation 
YY = me 


to represent the line having the greater inclination to the x-axis, and the equa- 
tion 


to represent the other line. When 
Wa 
z= 39 


am + ie 


the sum of the squares of the two y’s becomes a minimum. The problem may 
now be stated: Given a, b, and m, to find # geometrically. 

Let VC and AP denote the given lines; draw AC parallel to the y-axis, 
and lay off AD = BO =. Bisect AO, thus determining #’; then with / as 
center and CD as radius, describe the are FG. Draw BG parallel to the 
z-axis, take GH — FG, and draw the line FH/. Take F/ = KO = ja, 
and project 7 upon the z-axis in J; then is OJ the required abscissa. 

[R. A. Harris.) 
398 

Ir any curve, plane or gauche, be referred to a set of coordinates 7’, Y, 
which are so connected with a set of orthogonal and isothermal coordinates p, 
y that /? = function p, Y = function g, then the angles made by this curve 
and the curves, Y = constant, 7? — constant are 

tan™! dq , tan" dp . 
dp dq 
respectively. [R. A. Harris.) 
SOLUTION. 

Let ( p, 7) denote a point of the curve; then the distance to a neighbor- 
ing point is C1) dp? + d7? where C depends upon p, 7, but is independent of 
dp, dy. The projections of this curve element upon g = constant, p = con- 
stant are Ci/p, Cdq in length ; hence 


tan dq , tan 
dp 


- dp 
dq 
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are the angles made by the given curve and the curves g = constant, p = 
constant, which may be written Q@ = constant, /? = constant. 


[R. A. Harris.) 






399 
Ir y be any cubic function of x between the limits 0, /, its mean value 
can be expressed in an infinite number of ways by the formula & 


& (Y% — 2Zy2 + Ys) (l+2 sin*¢) + 4(% — ") sin G+ Ye, 
where 


h : - 
a, = 5 sec ¢ sin (45°— ¢); w%=27,+4hsecg; 24=—27,—thsecg¢. 


V2 
[ W. 77. Eehols.) 
SOLUTION. 


We have, ANNALS OF Maruemarics, Vol. [X, p. 8, for the mean value of the 


cubic between 0, 4, 5 
1 -y Y y —— ae ral "y oy ‘ cy \ 
a (408, sna $8)) 1 Tis (48, + | ila 1 +8, a 1) y ar fs (34, a $81) Ys 
a i 
}3 


— (408, + p — 148, — 48 


Ve — op’ : 

wherein ; 
p = (% — 2,)/(% — #2) ; 

and 1 
S=ut+v, SH VM+w+e’, : 


S,= w+ vv + uw’ + v%, 
l+uv v i, 6 
F (ie * h > & = ———A, 2 = ———_ ph . 
u— wv i u—v . “u—wv 


Put ; 
tS, + 4(o —)S, — 435, = 0, 


and impose the condition that » shall be unity. Then follows the condition 


that « and v must satisfy vw + vo? = 2. 
Since, now, S, = 1 + 487, we have for the mean value 


& (1 + $8?) (ys: — 2y. + Ys) + $81 (Y¥3 — M1) + Y2- 


Put u=1 2 cos#,v=) 2sin@. Thenwv =sin 24,and u + v= 2sin(45° + 4); 
u — v = 2 cos (45° + A). 
Let ¢ = # + 45° and substitute ; then the mean value is 


si ase bocceich Safelite ue 2 
rey 


& (Yi — 2. + Ys) (1 + 2 sin’y) + $(y; — ~) sing + H%, 


fap aS PARRA aS 


+ 
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a‘ where 

; 2, = + h sec ¢ sin (45° — ¢), 

2, = 2, + thsecg, 

a, = 2, —fhsecg. [W. H. Echols.) 
400 


Ir ¥ be any cubic function of , its mean value in any interval .Y, — 1, = L 
can be expressed in an infinite number of ways in terms of only two ordinates 
by the formula 





3 sin*¢ —" (4 3sin’¢ sl i i 1 — 4sin’¢ a 
1+ 2sin’¢“* | t I + 2sin’g ; 18 48in'g vs 
; where 
; 1 — 
% = A, + — 5 L see ¢ sin(45°—¢), w,=2, +4 Lsecg. 
1 . 
[W. H. Eehols.) 
SOLUTION. 
'¢ In the general value for the mean value of the cubic given in the solution 
to Exercise 399 put a 
| p = 38,/28, . 
ba Then the general formula for the mean value is 
2—P(7+v) 82 
S.u. + (1 — LoS.) y, ‘ . OS 
SPSLYs + ( $081) Y2 + Qe? 2(u -—v)? 
wherein 
; v he 
a= A, — ——_L, 4=a,+— . 
> e-—— ¢ S uw—v 


We may assign to w and v any values we choose, or we may choose 2, and 
: a, and get v and v, and thence the mean value in terms of y, and y,. In par- 
ticular let “7? + vo = 2. Then, as before, 


,=—u- y=2sing, 


—\ ih 


8, =w+vt+uv=2ecos¢, 


> 


: uv = — cos 2. 

2. The mean value now becomes 

| ee .g, 4 13 Oe ln + A ee 
5 1 + 2sin*¢ lL 1 + 2sin*¢ | °° 4 sin’¢ 

: 

a 

a 

d 

% 

j 

% 
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and 


%, = A, + = L see ¢ sin (45° — ¢) 
V2 


®%=2,+4Zsing. |W. H. Echols.) 
402 


Two circular ares are tangent to each other and to the sides @ and & of the 
triangle A BC at the points A and B. Show that the difference of curvature 
D 
of the ares is least when their common tangent makes with @ and / the angles 


4(3B— A) and (3A — B), respectively. [W. ZZ. Fehols.) 
SOLUTION. 


Let /’ be the point of tangency of the two ares ; 
#, ¢, the angles made by the common tangent with « and 4; 
??,, 7., radii of the circles ; 
r, the cireum-radius of the triangle A LP. 
Then 
AP = 2R,sin 4g = 2rsin (A + B— $0), 


BP = 2r, sin} 0 = 2r sin(A + B— he), | 
2rsing (4d + B)—ec, 
f#+tyo =-Ad4+ 2. 


Accordingly, 


1 1 _ 2sin}(A + B) sing ——— sind¢ 
aS ¢ sin(B—te)  sin(A — $4) 
The expression in brackets reduces to 


cos A — cos B 


cos $(A + B) —cos$(A — 3B + 2¢)’ 


which is a minimum when 








ate 
; * 





a~ 








A —3Bh+4%=0, 
i. e. when 


and 


#=4(3A — B). [Geo. R. Dean.) 
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ON THE SOLUTION OF A CERTAIN DIFFERENTIAL EQUATION 


I. 
INTRODUCTORY. 


1. Vbjects of the paper. In his discussion of the kinetic theory of tides, 
Laplace found that the function expressing the height of the tide at a given 
point due to the attraction of the disturbing body satisfied a certain differen- 
tial equation. Finding himself unable to obtain the general solution of the 
differential equation, he applied himself to the discussion of several particular 
‘ases which arise when certain assumptions are made regarding the physical 
constitution of the ocean. One of the cases he treated was that of the semi- 
diurnal tide when the depth of the ocean is supposed to be constant. In the 
course of his treatment of this case certain considerations enter which have 
given rise to much discussion. It is proposed to devote some attention to this 
case, and it is hoped to extend the treatment of this case so as to include some 
phases of it not previously treated. While it is generally conceded that the 
facts in regard to the disputed point referred to, have been made evident, vet 
the methods of placing those facts in evidence have been called into question 
by several writers on the subject, and do not appear to be the most satisfac- 
tory ones that are available. 

II. 


HisToricaAL SKETCH. 


2. Origin of the problem. As just mentioned, the subject to be discussed 
was first treated by Laplace. His kinetic theory of tides is set forth in the 
Mécanique Céleste, and the part with which we are concerned is to be found 
in Livre IV of that work, his solution of the differential equation being given 
in Article 10. Considerable time had elapsed between his first discussion of 
the subject and the publication of his great work. The earliest presentation 
of his treatment of the subject was contained in a memoir* presented to the 
Académie des Sciences, and contained in Tome IX of the Giuvres de Laplace. 
He has sought a solution of the equation in the form of a series of positive 
entire powers, and has made use of a certain infinite continued fraction in the 
evaluation of one of the coetticients of the series. The correctness of the value 
found by his method has been questioned. As the solution in the series form 
was made the basis of his calculations, it was of great importance that no mis- 
take should be made in the determination of the coefficients, and more espe- 
cially in the determination of those occurring early in the series. 








* Recherches sur plusieurs points du Systeme du Monde. Memoires de l’Academie royale de 
Paris, année 1775-6. 





Pa eT Pe 


eas, 








a yr 











WHICH PRESENTS ITSELF IN LAPLACE’S KINETIC THEORY OF TIDES. 97 
3. Lrevious contributions to the subject. Tn his early memoir Laplace 
has gone somewhat more into detail, and the method by which he determined 
the value of the coefficient is clearly shown. In the later work he has omitted 
a great part of the explanation, and has contented himself with expressing the 
quantity in the form of the continued fraction to which reference has been 
made. The later presentation of the subject has been the more accessible of 
the two, and on it all the later writers appear to have based their remarks con- 
cerning Laplace’s method, while the original presentation has been overlooked. 
Attention has been called to it by Prof. Lamb in his recent work on Hydro- 
dynamics, and to him seems to be due the rediscovery, so to speak, of the 
memoir. Laplace’s evaluation of the coefficient was objected to by Sir G. B. 
Airy,* and later the same objection was made by Mr. William Ferrel.t A 
defence of Laplace was made by Lord Kelvin in the Philosophical Magazine 
for September, 1875. The October number of the same journal for 1875 con- 
tains a note written by Airy in which he reaftirms his objections to Laplace’s 
result, and appears not to regard Kelvin’s reasoning as convincing. The num- 
ber of this journal for March, 1876, contains a reply by Ferrel to the arguments 
of Lord Kelvin. Prof. G. H. Darwin in the Encyclopedia Britannica} gives in 
more detail Lord Kelvin’s argument. His treatment of the subject may also 
be found in Basset’s Hydrodynamics, Vol. II, and Basset has briefly referred 
to the subject in a foot note.§ The latest contributions to the subject are 
believed to be the two papers by Ferrel which appear in Volumes 9 and 10 of 
Gould’s Astronomical Journal. The latter of the two papers may also be found 
in the collection of papers || on the “ Mechanics of the Atmosphere ” edited by 
Prof. Cleveland Abbe. Reference may also be made to Professor Lamb’s 
Hydrodynamics, in which attention is called to Laplace’s original memoir. 

4. Synopsis of previous contributions. Before treating the problem 
analytically it will be useful to sketch the arguments of Laplace and those who 
afterwards treated the subject. Laplace, assuming that the solution of the 
equation could be expressed by means of a Taylor's series, substituted such a 
series with undetermined coefficients in the differential equation, and was able 
to determine all the coefficients of the series in terms of one of them, which 
remained arbitrary. He had previously argued that it was not necessary to 
obtain the general solution of the equation, since, as he affirmed, the arbitrary 
constants would be determined by the initial conditions of the water and would 
introduce effects dependent on this initial condition, which effects ought to be 





* Article, ‘‘ Tides and Waves,” Encyclopedia Metropolitana. 
+‘ Tidal Researches,” Appendix to United States Coast and Geodetic Survey Report for 1874. 
t Article, ‘‘ Tides,” Encyclopedia Britannica. 

§ Basset, Vol. II, p. 218. 

|| No. 843, Smithsonian Miscellaneous Contributions. 
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disregarded, since in the case of the sea they would long ago have been over- 
eome by friction. Considering, then, that any particular integral was sufti- 
cient, he proceeded to choose the most satisfactory value of the coefficient. 
His method of deciding the proper value of the coefficient will be given in 
Section IIL. It enabled him to satisfy himself that a comparatively few terms 
of his series would give the result with a very small error. From the form in 
which the result is set forth in the Mécanique Céleste it appears, however, 
that he made the assumption that the ratio of any coefficient in his series to 
the preceding one becomes ultimately smaller than any assignable quantity. 
Moreover Laplace’s argument regarding the sufficiency of any particular solu- 
tion did not occur immediately in connection with the treatment of this par- 
ticular case, and it therefore appeared that he offered no justification for the 
assumption. Airy objected to the assumption on the ground that it was 
unnecessary and unduly specialized the solution. He added that, if the sea 
were bounded by a parallel of latitude instead of covering the whole earth, 
then the arbitrary constant could be determined from the corresponding 
boundary condition. Ferrel agreed with Airy, and regarding the constant as 
being entirely at his disposal, based his calculations on the series resulting 
from assigning to it the value zero. Kelvin in his reply to these arguments 
quoted Laplace’s reasoning regarding the sufficiency of a particular solution, 
but pointed out that this reasoning was not correct. Proceeding, he contended 
that, as demanded by Airy, there was a certain physical condition to be satis- 
fied, and that this condition was sufficient to justify Laplace’s result. He also 
pointed out that the general solution of the equation should contain two arbi- 
trary constants, and that a further boundary condition would be necessary for 
the determination of the second of these constants. He showed that, since the 
oscillations of the water which are taken account of in the differential equation 
have a perfectly definite period depending on the period of the disturbing 
body, the original state of motion could not be taken account of in the solu- 
tion, for, except for special depths of water, the period of the latter oscilla- 
tions would be different from that of the former. Airy and Ferrel, however, 
did not admit the force of the reasoning by means of which Kelvin justified 
Laplace’s result, and Ferrel’s later papers are devoted to an attempt to show 
that the determination of the value of the constant is unnecessary. While it 
would seem that the constant was correctly determined by Laplace, it appears 
to the author that the analytical proof of this fact indicated by Lord Kelvin, 
and given in greater detail by Prof. Darwin, is not complete. It seems, too, to 
be desirable to obtain the general solution of the differential equation, and to 
follow up the suggestions of Lord Kelvin regarding the application of this 
solution to the more general case and some special cases. 
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II. 


LAPLACE’S SOLUTION. 


5. General outline. Apart from physical considerations, the arguments 
made by Laplace from analysis do not appear to offer a very good reason for 
his evaluation of the coetticient. In order to show this, it will be NeCessary 
to give Laplace's discussion as it appeared in his original memoir. The form 
of the equation as treated by Darwin differs slightly from that in which Laplace 
used it, but no essential difference is introduced by the change, and the same 
difficulties arise in both cases. As Darwin’s form of the equation is doubtless 
that in which the equation will henceforth be studied, it has been adopted 
here. The equation may then be written 

du du 


xr | ] r-) _— 
de du 


(S y Ev jal) I 3.1 () (1) 
It is to be noted that 2 is the sine of the polar distance of a particle of water, 
v the difference between the tide height in the dynamical theory and the tide 
height in the equilibrium theory. Assuming as the solution of (1) a Taylors 
series containing only even powers and with undetermined coefticients, Laplace 
found that the coefficient of 2 remained undetermined. He next proceeded 
as follows: He assumed as an integral a sum of a finite number of powers, 
and found that by adding a certain term to the left member of (1) this equation 
could be modified so as to have as a solution the assumed function. By study- 
ing the effect of increasing the number of terms in this function, he came to 
the conclusion that a very small error would be made in assuming as a solu 
tion, such a function with a large number of terms. 

6. Application. To apply this treatment to the equation (1), assume 


that —— rt 
u A, (A, — £)# + 2, A... (* 


te 


If this function satisfies equation (1), the following relations must be satistied 


by the coefticients : 


| (0) (n) 

I i= (b) 

A, Ms, (3 

164, 10A,+ 34,=0, (d) 

2A,4,[2(4 —1)? + 6 (4 —1)] —24A,[2 (4 —1) 4+ 3(k l)]+3A,., 0, (e) 
(hk 3, 4, 5 os %) 

2A,.,, (27° 37) BA, () (f) 

3A , ) (a) 
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There are, since (c) is an identity, 7 + 3 linear equations to be satisfied by 
vy + 2 unknown quantities. It is easy to see that all cannot be satistied ; for, 
starting from (g) and working back, there result zero values for all the A’s and 
this disagrees with (b). If, however, one of the equations be rejected, the 


remaining 7 + 2 relations are sufficient to determine the values of the A’s. 


' 
ta) 


Suppose (g) to be rejected. Following Laplace’s method Jet the following 


abbreviations be made: 


ft 43 ’ 
i. ox or, 
fg =z Sir 1 + 3(r —1) (7 1 + 3(7 — 1)| p/p, , 
My 4» = 2(r — hk + 8(r — kh) — [Cr — hY 4+ 38 (re — &)) e/g, 


Then it follows that 


wt 
yr A. 
th 
A, — ; ; ae 
Pri 
“ 
A... ‘ Aone 
Py-2 


ea i] 
whence 
“W ’ 
A,=——+_—E, 
ou 
‘ha "2 
mo ’ 
i. - _— I: ’ 
(1, tL, 02, 
‘ ly ~ ’ 
ae . 
A vas a . I e 
fl, (hafta wo o fh, 
’ iad pee? aes ) oT 


These values of A,, A,, 1,,..., 4,4, satisfy the equations (a), (b), (ce), (d), 
(e) (f), but equation (g) is not satisfied, and the function (2) is therefore not a 
solution of (1). If, however, to the left member of (1) be added the quantity 


jA,,,2° 7", equation (g) becomes the identity 


BA 43 (3A ys = 0 ’ 
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so that the expression (2) is a solution of equation (1) thus modified. The 
new equation can be written 


o, ar du 


+7 oy” 
rr (1 — 7 / 


)-+5-—-2 — u(8 — 22” — fr‘) + Fja* — ' err =e 
da? dr ( : s ee () 


Laplace then argued that if the corrective term were very small, only a 


’ 


small error would be made if (1) were replaced by (3). He then proceeded to 
show that by taking 7 large enough the corrective term could be made to 
decrease indefinitely. 

7. Objections to method. Tn order that the discussion just given may 
justify the choice of the value of 1,, it should put in evidence some property 
possessed by the series when Laplace’s value is given to A,, and not possessed 
by it under other circumstances. All that is attempted in the preceding process 
is to show that the error made in assuming as the integral a finite number of 
terms belonging to the infinite series can be made less than any assignable 
quantity. But this is true of any series which is an integral of the equation 
and whose region of convergence is large enough to suit the conditions of the 
problem, and it will appear that no matter what value be given to A, the region 
of convergence of the resulting series is still large enough to suit the purpose. 
Moreover, it is not definitely proven that a vanishing correction to the equa- 
tion necessarily indicates a corresponding vanishing of the error due to the 
assumption of a finite number of terms instead of an infinite number. 

8. Relation between correction to equation and error in series. The rela- 
tion between the correction to the equation and the error in the value of the 
dependent variable can be shown perhaps more clearly in the following man- 
ner, assuming certain properties of the series used which will be deduced later : 
The differential equation (1) can be regarded as a linear relation connecting 
the quantities “, - , and te in which the coefficients are rational entire func- 
tions of z, The function ~ is to be expressed by means of an infinite series. 
This series will have a certain circle of convergence. For all points within 
this circle the corresponding series for rs and a will also converge. Sup- 
pose the circumference of this circle of convergence lies entirely outside of the 
boundary of the region in which the independent variable is to vary. Then 


du d 
when 1, , and 
( 


du Ta 


series expressing their values, certain errors will be made in the case of each. 


ul — 
, are each replaced by the finite number of terms from the 


These errors will each become less than any assignable quantity if the number 
of terms be sufficiently increased. Let (1) then be written 
du , du . 


7 ,~+ ff -} “uO 
dat * "qe TT : 
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where 4, ,3,, 7, and 0 are finite for all values to be considered. Let the true 


dru du ° ° e ° 

values of ae and “ when found from the infinite series be A, B, and 
thu ri) AM of 

('; and let ¢,, ¢,, and ¢, be the corresponding errors made in taking the finite 


number of terms for each of the three quantities. Then 


A+ f4B+7C=8, (h) 
and 


a(A+e¢)+ 4(8 +4) +7(C4+ 8) @. (k) 


Then the correction to be added to the left member of (k) to make it an 
equality is (uz, + 42, ~ 72.) Under the circumstances assumed above, in 
reference to the region of convergence, this correction will become indefinitely 
small when the number of the terms is sufficiently increased. But other cases 
may occur. Consider the case of the infinite series in which 1, is given any 
other value than that assigned by Laplace. It will afterwards appear that this 
series converges for all values of 2 within the unit circle, and also for «= + 1. 


dei 


: , . du : p ae 
The series for and , however, are convergent only for points within the 
b] CD « 


da dar 
unit circle. It is clear then that, for all values of less than unity, ¢,, ¢,, and 
=, can be made less than any assignable quantity, and that therefore the same 
is true for a2,, +- 4,2, + 7£,. 

But ” must be considered for all values up to and including unity, and it 
does not appear that, as.“ approaches unity, the correction must necessarily 
indefinitely diminish, since ¢, is the only one of the three quantities which 
indefinitely diminishes. Moreover the series is a satisfactory solution if only 
¢, can be made indefinitely small for 2 = 1. On the other hand, it would also 
appenr that the correction might be evanescent when ¢, is not so. 

{) Assumption equiva nt to Laplace *s assumption. The same set of 
equations for the determination of the coefticients will be obtained if it be 


assumed that 


a 
——_— 
~~ 41». 
r= 


For then it would be proper to assume that the equations connecting the coef- 
ficients eventually took the same form as (f). For all other series in which the 
relation just written is not true the equation (f) is not satisfied when a finite 
number of terms is taken, but has to be corrected by the addition of a term. 
From this point of view then Laplace’s process would seem to necessarily lead 


to a series convergent over the entire plane. 
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IV. 
THE SOLUTION OF THE DIFFERENTIAL EQUATION, 


10. Character of the integral. Waplace’s solution having been considered, 
the general integral of the equation, 
dru du 


za? (1 — 2’) r 


5 7 « (8 — Ba* — Az") = thx , 1) 
dae dar ( \ 


may now be sought. In this equation it must be remembered that sin # 
where # is a polar distance. It is necessary first to solve the auxiliary equa- 


tion, 


x? (1 7 zy dee du 


-a a “(8 22" $2") = 0. (7) 
* hy? du 


The following general theorems will be useful: 
THEOREM I. /n order that the equation 


d’u 7 ee) ad" u dA” 3u du 


~ 2 t ps 5 de ee ) , 0 (S) 
da” ] /1 ada" 1 / 2 dan” 2 / ; dar Pn ‘de Pn 


shall have n independent inte grals of the form, 


—_— a’ (P log” {. P. ..ton* =p | r. P log” 3p -...4 F, log Py. 


n—l 


where P., P., P,, Py ..., P 


n—l 


are expressible in the ne ighhorhood of z=0 
in series of positive and negative powers of x, the number of negative powers 
in each being fin ite, it is ne COSSULY and suffice nt that for cach of the coefficn nts 
of the equation, such as Pi the point x = 0 shall be an ordinary point, or a 
poli whose order of multiplicity does not exceed 7, 


These integrals will constitute one or more groups of the form 


“W, =— 7" M, . 


a= 2 ( M, log xz - N,) 


u, = 2 (M, log’x + N, log x + 2). 


u, = 2” (IM, log*'z + WX, log*-*x oe = 


where V/,, /,, M,,..., WM, differ only by constant factors. 
THEeoreM II. Zhe integral of the equation (8) will he continuous and 
MONOGENIC jor all values of r for wh ich the coefficr nts Pi Pw P30 +++ 5 Pn are 


continuous and WLO1LOC ene and it CAM POSSESS 110 critical points which are not 
s ’ 
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also critical points of one or more of the coefficients. It may not have critical 
points at all the critical points of the coefficients. 

The proofs of these theorems may be found in Jordan’s Cours @’ Analyse.* 

If, then, equation (7) be put in the form (8) and these theorems applied, 
it is clear that, 

(1) Equation (7) has one integral which can be expressed in the form of 
a power series ¢/, and a second integral which can be expressed in the form 


/, 
i’, + ¢, log x, where ¢, and ¢/, are expressible as power series and ©! — a con- 
stant ¢ (when ¢ = 0, the second integral is also expressible as a power series) ; 


(2) The general integral of (7) can have no critical points except at 0, 

t+], +o. 

(3) If # be replaced by — x, the equation remains unaltered ; whence it 
follows that the function has the same character at 2 = aasata = 4+ a, 
and, in particular, if the general integral of (7) has a critical point of any sort 
at « == + 1 it has a critical point of exactly the same character at 7 = — 1. 

It follows, too, that if (” is any particular integral of (1), the complete 
integral is 


U ~ ay . Ly (, t cy log wr) “fe U, 
or 
“= ag i Ay, — U 
when ¢« == 0. 
11. Deduction of the complementary function. It is correct, then, to 


assume as one integral, 


0 uo 


x 
u 2. avr : 
0 
« being a positive integer. Then 
du “< 
pe (7 + TS) arn : 
der ills 
ru \: ; aes 
— > a (m + 78) (m — 1 + 7s) A Oat iS 
Aa? 0 
The result of substituting in (7) is 
3. (am + rs) (m — 1 + rs) A,amtrs — B (m + rs) (m —1 + rs) Avr 
0 0 
x “ r 
be (7 ++ rs) A meres — pe SA Fai 
0 oO 
‘i , 
+ 2,8A rrr" + 2. pA ate —6, (9) 





*Vol. II, Arts. 146, 92, 118. 
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identically. The coefficient of x”, the lowest power of x, must vanish ; whence, 
since A, 0, 


m? — 2m — 8 - 0 : and m = 4 = 2. 


The value of s must be 2, for if s — 2 the coefticient of «”*" does not vanish. 
The result of substituting s = 2, m = 4 in (9) is 


; ’ 
0 


a’. (4 + 27) (3 + Qr) Aart — &, (4 + 2r) (8 + 2r) A,a 
0 


os x 
— ¥ (4 + 2Qr) Aja — ¥ 8A art! 
“uo 
x x . 
4S 9A wrt 4S GA gH — 0. (10) 


From (10) the equations for the determination of the coefficients are, 
164A, — 10A,= 0, (11) 
2h (2k + 6) A, — 2h (2k + 3) A,_, + PA,. = 0 (12) 
(& == 9, 3, 4, 6, ......). 


Thus each coefticient is a multiple of A, and one integral can be written 


(13) 
— a | ( y 7” | ( a + ( — a 


It is easy to verify that A, 1, is the series written down by Airy in his 
article in the Philosophical Magazine as the correction to Laplace’s series, A’, 
being an arbitrary constant. On applying to the equation the theory set forth 
by Heffter,* it appears that there is no series corresponding to the root 


m = — 2. The second integral is then obtained in the form 
u=,+¢,logr=¢, + A’u, logz. 


From this 


du, do, 1'] —_ du, A’ 
- = — - =< Os + u 
dx dz -" @& ao 
iy = dh, 4 9A’ du, ™ A’ =, + A’ loge Pu, 
dae di x dx xz Oo” dr? 


* Lineare Differential gleichungen, § 16. 
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in which the ("s are the coefticients in the series 1,. 
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These values being substituted in (7), there results 


> . 2h, dd. t ) , r 
yr (l—2 i? ey 22 - (8 — B2* 42: 
dx dy +2 : ) 
, ’ , du 
— A’u, (2 — 2’) + A’. 2e(1 I : 


| A’ log x | wil a" ) 4 wr eee ", (Ss 27° jr') | = O . (15) 


identically. If the substitution ¢, = A’y, be made and it be borne in mind 


that , is a solution of (7), (15) reduces to 


dh, dd, 
>) r 3 > 73 


wh — #) a — @ Ge os(8 — Be — Be’) 
» ary 27 (1 x) te — (), (16) 
oe 
If now it be assumed that 
= S. Bante, (17) 


and the substitution be made in (16), the equation for the determination of 


is, as before, 


me Qin 8 = 0, whence m = 4, es 
The theory shows that — 2isthe root to be taken, and that, as before, 
s 2. The substitution in (16) gives 
2. (27 — 2) (27 — 3) Ba? — &, (2r — 2) (27 — 3) Ba” 
“” 0 
— 2, (2r — 2) Ba"? — 5,882"? + 3, 2B. x 
” ti] o 
+ 3. AaB. a? — 2.390 2 + 3, C27 
it) 0 0 
ood r 
t S.4(r7 + 2) Cart — 24 (r + 2) C27" —0, (18) 
o 0 
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From (19) are derived the relations 
0—824,+4+ 43B,, 
0= 8h, — 2B, — 3h,, 


6 = — sb, 
(19) 
7— 100, = 167, — 10B, + 3B, 


5) Cy_3 — (44 — 2) C_. = (2h — 4) (24 + 2) B,,, — (24 — 4) (24 — 1B, 
+ 3B... 


(4k 





(k = 4, 5,6,...) 


These equations determine all the coefficients in terms of /,, the coefficient of 
x‘, which remains arbitrary. 

Since ~, is a solution of (7), it is clear that, if ¢ is a solution of (16), so 
also is ¢ + <A’,u,, A’, being any constant. Moreover w, starts with the fourth 
power of z. Then if any value be assigned to /, and the resulting value of 
¢', be denoted by ¢ we can write 

{3 =¢ + Ayu. 
¢ is a series of ascending entire powers starting from /,7~* in which every 
coetlicient is known. /, may, if it is desired, be taken to be zero. The com- 
plete complementary function of (17) then is 
u = A’ (ty + ¢, log a) + A’yry, 
= A’, (¢', + A’u, log x) + A’, 
| 


= A’A’, (¢, + u, log 7) + A’, 


= A(¢ + u, logaz) + Bu,. (20) 


12. The particular integral. Tt remains to determine a particular inte- 
gral of the complete equation (1). The character of ~, and of the absolute 
term of (1) makes clear the existence of a particular integral expressible in the 
form of a series of positive entire powers. Assume then 


U=A,+(A,— F)e+ ¥ Ajo 
After substitution in (1) there result the relations 
A, =9, 
A,—kK=0, 
A,= A), 


PA pas (2(k — 1)? + 6(kK—1)} — 2A, {2(k— 1? + B(k — 1} + fA, =. 
(k = 2,3, 4,...) 
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All the coefficients are given in terms of /' and A,, the latter being arbitrary. 
Since only a particular integral is required any value may be given to A,. In 
proceeding to a choice of a value it is interesting to follow the method by 
which Laplace’s continued fraction is obtained. From the relations written 
just above, it can easily be deduced that 


I 4 
“Tg i ik — 2.3.4 
, ‘ o . ° (A = 4,0 ican 
A, ~ 2 (2k? + 3h) — 2 (2k + 6h) Ageo/A gas 79,4, 
A, 3 2.17+4+6.1)3 (2.27+6.2)8 
Al, 2(2.1°+ 38.1) 2(2.2° + 3.2) 2(2.3?+3.3)— 
12 (x 1? + 6(% 1)'/3 
2(2(n —1P 4+ 3(n 1)|] — 2 [(2n? + dn) — (Qn? + Gr)] Anyo/Ana ’ 


and A, E. 


The assumption, 


‘ A 42 ) 
> oa 0 ‘ (21) 
_ 42ntl 


gives the value of A, in the form of an infinite continued fraction. It is per- 
missible, if convenient, since any value of A, may be taken. It was made by 
Laplace in the Mécanique Céleste apparently without justification ; but, as 
has been seen, Laplace believed in the sufficiency of a particular solution and 
considered the resulting series as a satisfactory solution without the addition 
of the complementary function. The assumption (21) so affects the coefti- 
cients that the series converges for all finite values of 7. It is not necessary 
that the particular integral should converge for points outside the unit circle. 
It is convenient from a mathematical point of view, however, to choose this 
series as the particular integral, for, if it were necessary to study the function 
for points outside the unit cirele, it would be sufficient to obtain the comple- 
mentary function in the form of a Laurent’s series while the series just found 
would serve again as a particular integral. The assumption (21) is seen to be 
equivalent to that involved in Laplace’s original process. From the reasoning 
of this section it is clear, too, that when 
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From this point of view, too, it is clear that the series under consideration 
converges at least for every point within the unit circle, and that if it converges 
for a greater circle of convergence it converges for every finite value of . 
For the sake of definiteness Laplace’s value of A, will be denoted by / and 
the series which furnishes the particular integral of (1) will be denoted by y. 

13. Properties of the complete integral, The complete integral of the 
equation (1) can then be expressed for points within the domain of the origin 
by 

: u= A(¢g + u, log xr) + Bu, + Y. (22) 

(1) Convergence : 

The most general integral in the form of a positive power series can be 
written 

“ Bu +2. 

The relations among the coefficients of such a series show that, unless 72 
is zero, the circle of convergence is of unit radius ; and when 7 is zero, the 
circle of convergence has an indefinitely great radius.* It follows, then, that 
u, converges only for points within or on the circle of unit radius. Again 
('; = ¢ + Ayu, does not converge for points outside the unit circle. Then ¢ 
converges for points within the unit circle. It is conceivable that 7, may have 
been chosen so that ¢ shall converge all over the finite part of the plane. 

(2) If A = 4 = 0, the function has no critical point except at infinity. 
If A = 0, & — 0, the function has critical points at + 1, + ». If 2 = 0, 
A 0, the function has a critical point at 0, — », and (except for one par- 
ticular choice of 4,) at + 1. In addition to the singularity of ¢ at.“ = 0 
integrals of this class and integrals of the general class have a singularity at 
« = 0 due to the singularity of log at that point, and are, in addition, many 
valued at any point owing to the properties of log x. This indeterminateness 
will be removed if it is assumed that for positive real values of « the result 
shall be real. Again, when / = 0, 


du (de de, _. 3.) Jy 
=A f log z -; | a 
dr (Ae da az J ‘dp 
Sut du du = 


dt dan I = ' 


(du) > du 4 
f (0 — $ 25 l i aeee ae | 
2=l 


=af} 


* The detailed proof of this fact is quoted in Section VI. 


( d¢ a | du, 
yi-# | 4 A} (log v) ) l—- “ - 
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It will afterwards be shown that for the complete integral (22) 


du ) 


| | a finite quantity, 
Le | 6=77/2 


and that 
(du, ] 


| = a finite quantity. 
L dl J 0 /2 
.. for all integrals of the form 


u=A(y + u log x) + &, 


a finite quantity or zero. 


V. 
THE DETERMINATION OF THE CoNnSTANTS FOR LaPLace’s Case. 
14. The physical conditions. Tt having been agreed that the constants 
shall be determined to suit the boundary conditions, the vase discussed by 


Laplace, where the whole earth is covered with water, may now be treated. 
The expression for , as given in (22), has an infinite value when a = 0, unless 


A = 0. Since there cannot be a tide of infinite depth at the pole it is neces- 
sary to make A = 0. The remaining expression is 
u = Bu, +. 


Airy and Ferrel contended that this was the exact expression for w, and that 
/ could be given any value. Ferrel determined it by the condition 


Bsa. £=@. (23) 


Lord Kelvin pointed out that owing to the symmetry of the disturbance in the 
two hemispheres the meridional displacement of water should vanish at the 
equator. The expression for the meridional displacement is the product of 
two terms of which one involves the latitude and the other does not. The 
factor involving the latitude is, 


1 (du o } 
ee eee 2u cot 7}. 24 
4m sin*4 do iis } (=) 
When #@ = z/2,* 
1 (du) 


dn (dO) ono 


*(” = co-latitude or polar distance. 
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. at the equator it is necessary that 


du - 
=. 2! 
dd . vr 
But 
du i yu 
aa ee ae 
it is necessary that, 
a) 
§ come du ? 7 eo 
$s 1 a dz$ —°: (26) 


1 


x 


15. Proof that Gb = 0. In order to prove that the condition (26) requires 
that 2 shall be zero, the function will be considered in the neighborhood of 
z= il, 

Assume 

e=1+y; (27) 
then 
du du du dau : 


7, 9 


dx dy’? de dy’ 
and equation (7) takes the form 
, T?u du 
9y+ 57 +4y¥4 ¥) 554+ (1+ 
(Gy + oY + 4y + Vat hry, 
+ uf(6 — 9) —4(1 + Ay —2(1 + 3)9)¥ — 4,37 — ay’) = 0. (28) 


Theorems | and II apply to (28) also. Then assume 
“ é- sar" ; 
i 

« being a positive integer. The equation for the determination of 7 is 

27 mm = %; (29) 
whence m = 0 or + $. Alsos — 1. The two integrals are expressible in 
series form. Moreover the relations connecting the A’s are, for both values 
of m, such that each coefficient is given as a multiple of the first one. The 
two independent integrals of (28) may then be written 


y, = 1 + Z,a7 , 
(30) 
y: — y? + 2, By" , 
1 


the a’s and ;7’s being known. 
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The complete integral of (28), then, is 
w= AY, + Ye - (31) 


If now the substitution (27) be made in (1), an equation results which differs 
from (28) only by the expression — /73 (1 + y)’ in the right hand member. 
Of this equation, the complementary function is given by (31). To complete 
its integration, it is necessary to find a particular integral. The character of 
y, and of the absolute term — £33 (1 + y)’ make it clear that a particular 
integral can be obtained in the form of a series of positive entire powers. 
Let this integral be denoted by 2” It is not of importance that its coefticients 
be ealeulated. Then, in the neighborhood of 7 = 1, or of y = 0, the integral 
of (28) can be expressed in the form 


u CY, tt Cx. + . 


Then 
du du , dy, — dy, . d )" 
dur dy : dy 3 dy dy : 
Also ' 
1 1 a (y° + 2y) = wy p2+y, 
where / = | 1. 
du du = or - dy i : - dy, 
TW dav Te =P Rt yh GP + dy @ + yh GE 
iy (2 + y) 2A (32) 


dy 


When 7 = 0, the first and third terms on the right vanish, and the middle 
term becomes 
| T 4 y* ely (2 I Pls or Cy /| 2 ° 


(du/dO)o_9 2 = C/V 2. (33) 


In order, then, that at the equator du//# = 0, the function must be such 
thate«, = 0. But if ¢, = 0, the point 2 = 1 is an ordinary point of the func- 
tion, while if ¢, 0 the point z = 1 is a branch point of the function. If the 
point = 1 is an ordinary point of the function, so also is 2 = — 1. 

In this case the function has no eritical point in the finite part of the 
plane, and, if expressible in the neighborhood of the origin « = 0 by means 
of a Taylor’s series, that series will converge for all finite values of the varia- 
blew If the point # = 1 isa branch point of the function, and if the function 
is expressible in the neighborhood of the origin 2 = 0 by means of a Taylor’s 
series, that series will have a circle of convergence of unit radius. It follows, 
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then, when 7 = 0 and wu ¥, that «, = 0 and (du J/A)g_, 9 = 0, and when 
BL 0,thatc,  O and (du/dA)g_, 2° 0. 

Thus it is seen that the condition stated by Lord Kelvin requires that 
B= 0 and w =X. Consequently the series as written by Laplace is the 
complete solution for the case of an earth completely covered to a constant 
depth by water. 

Nore.—Equation (33) gives an imaginary value for (/7/d#)4_.9 when the 
arbitrary constant c, is taken real. It is evident, however, that, when real 
values of the function between « = O and 2 = 1 are desired, ¢, must be taken 
purely imaginary ; for it was assumed that 


r t 4 y 3 (27) 


so that when @ is less than unity y is negative, and 7! is a pure imaginary. 
The ey will be real when c¢, is purely imaginary, and it follows that then y, is 
also real. 


VI. 


Darwiy’s PRESENTATION OF Lord KELVIN’s Proor roar / MUST BE ZERO WHEN 
(du/d)g 0. 


n/2 


16. Darwin's argument. The function « = Lu, Y may be regarded 
as a single series of even positive integral powers commencing with the fourth 
and having the coefticient of ‘ arbitrary. It has already been seen what rela- 
tions connect the coefticients and detine them in terms of the coefficient of .' 
(A, say). It is known, too, that when 


n 


then A, = JL. 
Suppose now that 


fe 20, 


Rae 


but = a ', a finite quantity. Then 


Awe +8 8B A, 
Ans, 2+6 Qn (Qn + 6) A,,, 
Qn + j 
= 2 _— _ (2 —h), (34) 


2n (2n 
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where / tends to zero when 7 becomes indefinitely great. _Darwin’s argument 
is along the following lines: When 


£220 


Aa=s 


then, for large values of », 


nearly. 
But if (1 — «°)) be expanded by the binomial theorem the ratio of the 
7 | Bis a , , 
(x + 1)th term to the wth term is | 1— 5 a". Consequently, in this case, 
L ali 
it is possible to write 


u= A, + B, (1 — 2), 


where A, and /;, are finite for all values of ~. A similar argument being made 
in the case of the series for d//x it follows that 


du/da —- 0+) (1 — 2), 


where Cand /) are finite (and not zero) for all values of «. 
But 
du/dt = du/dx (A ey = C(1— 2#y4+D; 


(du/d0)o-n 72 = [C1 — a*)§ + DP), = Do 0. 


17. Discussion of Darwin's proof. These results agree with each other, 
and with what has been proven in another way ; but this proof of the fact 
that 4, and /) are not zero nor infinite does not appear to be entirely satisfac- 
tory, and it is essential that this property of 4, and )) be made evident. The 
ratio A,,,./A,4, becomes 1 — 3 x7" . 


when the square and higher powers of n~ 
are neglected. If after a certain value of » quantities of the order ~' be 
neglected, the ratio A,,,/A, becomes unity. Then, following a line of argu- 
ment similar to that given, it would appear that 

u= A,+ B(1 — 2" (a) 
and, by a similar course of reasoning, that 


du/dx = C, as dD, (1 a x") 7, 


These results do not agree and are incorrect, but they show in what respect 
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the previous reasoning is weak. For, suppose that the binomial expansion of 


(1 . w-)h be written 


i ep = Ze : 


Then, if the infinite series can be written in the form 
u=A,+ &(1 — 2), 


where .1, and /, are finite for all values of .”, it follows that 


Now for every finite value of ~ (,4 being positive), 


A r+1 Vr+t 
A, +, 
Darwin has shown that 
a o ne 
4 Ants 4 drt 
aww A r ow 71 
T= r= = 


is finite. 


(b) 


30th numerator and denominator are zero so that the value of the quotient 


requires investigation. 


The discussion of (a) and (c) shows that in (a) A, and 7, do not have 


finite non-vanishing values for all values of x. 


VIL. 


18. Causes to he treated. Tt remains, then, to examine the other cases 


included in the solution obtained. Airy pointed out that in the solution of 


the form 
u Bu, (xv) + ¥(r), 


B could be determined so that the solution would be suitable for the case of 


a sea forming a spherical cap and extending from the pole to an arbitrary 


parallel of latitude. 





Lord Kelvin pointed out that, if the general solution were 





y 


] 
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at hand, the two constants could be determined so as to obtain a solution suit- 
able for a zonal sea lying between two parallels of latitude. The most inter- 
esting cases to be dealt with appear then to be the following :— 

lL. Curse of a ser cove ring the whole earth. This is the case already treated, 

Cise of a sea ertending from the pole toa given parallel of latitude. 

Do. Cuse of a zonal sea bounded hy tive parallels of latitude on opposite 
sides of th equator and equally distant from it. 

4. Case of d zonal sed hounded hy any tiwo parallels of latitude lying aL 
one Me misphe re. 

aD. Cus. of a canal lying along a parallel of latitude. 


CaAsE 2. 


1%. //ar ser. Tf the sea extends only to a given parallel of latitude 
from the pole, it is necessary that the meridional component of the motion 
should vanish for the corresponding value of .”, the sine of the polar distance 
of the boundary. 

Then, as in Case 1, af = 0, and the condition just named gives for the 
boundary value of 

re 2ucot#—O0. 
then, 4, be the colatitude of the southern boundary, and sin 4, = 4. 
Since 
du du 
di da 


cos 4, and cos 4, 0, 


du on 


as — () 
dia sin # 


for “= M1 id 


») 
Bu (a) + (a) ~$ Bu, (a) + ¥ (a)! 
77 
“a (a) ! 2Y (4,) 


Atty (a,) +- Zee, (4,) 
This gives the expression for « at any point in the form 


a (a,) 4+ 28 (4) 
- (2) ae > u(r) ‘ 
AM, (a) 4 St, (4) 


In particular, for the southern boundary, 


1 
; 9 
Wu, (ty) 2 (a) 


Y (a,) 1 (4) VY (a,) 4, (4) 


" (4) = hy « 
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(36) and (37) give the amounts to be added to the tide deduced from the equi- 
librium theory. 
The total tide at any point then is 


(= u(x) + Ee, 
and at the southern boundary 


U7 = u (4,) + fru?, (59) 


As has been stated, Ferrel’s calculations were made for the series in which 7? 
was given by the relation 


L—0. 


Then, from (35) it appears that the tides calculated by Ferrel would be those 
existing on a cireumpolar sea bounded by a parallel of latitude 4= — 4, where 


a = sin 4 and satisfies the equation 


a av (a) 2 (a) 
UU, (a) 2) (a) 
Case 3. 

YO, New earte nding equally on both sides of equator, Suppose the sen to 
extend equally on both sides of the equator, the boundaries being parallels of 
latitude. 

The condition that there shall be no motion of water along the meridian 
at any point of the northern boundary gives one relation connecting 1 and 7; 
but it is clear that the corresponding condition for the southern boundary gives 
exactly the same relation ; so that one of the constants appears to be arbitrary. 
The considerations which applied to Case Ll apply to this case. The symmetry 
of the motion requires that there be no meridional motion of the water at the 
equator. In this case, also, it is necessary that 


(du/1t)o rr = 0, 


This gives a second condition by means of which the remaining arbitrary con- 
stant may be determined. 
From 
u '¢ + u,logx} + Bu, 


it follows that 


du 
dd 


A (1 — 2")! (¢ + u/' log # + Mn) + BL — a*)bua/’ 
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{ 
— yg) y’ | — () : 
yr (Gd — 2) e] 


f=} 


r 


ow 


since u#, converges for 7 — 1 ” 


a 
$1 (1 — g-)3 u log r| =U, 


v1 


a 
since log 1 = 0 and § [ (1 — a#*) w,'] is finite. 
Ly 
Sai 


It is clear, then, that 
f 
| — g-)h of 
A rid um)? ¢ | 
t=) 


It has been seen that 


a 
} [(1 — 2°) ,’] isa finite quantity, say / ; 
~w 


Sai] 


ro 
rtP re 


= 


Siena 


r) 
} (1 — 2°) ¢'| is a finite quantity, say ¢. 
l, h d 
a | 


(In one particular case it is possible that @ might be zero.) Then it follows 


that 
Au Bb =0. (40) 


Sn ETN Sp ces 


oe, 





Returning now to the condition first stated, let 4, be the colatitude of the 


Bios 
= 
Pee Sr 


irae 


boundary, and let sin 4, a. It is necessary that 


du 2 | 


[dn ' @ 


(41) 


j ®=a, 
since cos #, 0. The resulting relation between A and / takes the form 


» 2) 
,! ir Lo x = 
Ag’ (a) 4 ¢ (4) + ,'(a,) log a, u, (a) + u,(a,) log a, 
“, “, “, 
7) 


Bo 2 : ites 
+ B Mm, (4,) + ata | + ¥ (4,) ; 2ie,) =. (42) 
a“ ? A 


' | 





q ‘ J ‘| 


1 


*See equation (b) Section VI. The expansion of (1 — 2°): converges for 7 = 1. 
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An equation for « is obtained by eliminating A and 7 from (22), (40), 
and (42). The total tide is 


u + Ez’. 
CasE 4. 

91. Ned hound d by 1iro parall ls of latituds On the NOL ds1¢ side of equator. 
Suppose the sea to be bounded on the north and south by parallels of latitude 
and to lie entirely within one hemisphere. 

It is necessary that, at the northern and southern boundaries, 


du 9 


— (0) 
da Hid - ' ° 


Let the boundaries have colatitudes 4,, 4, (4, < 4,), and let sin 4, = a, sin, 


=— &,,. 
Then the equations for the determination of A and 7 are similar to (42) 


and are 
, 2 ; 1 ; 2 
A} ¢' (4) + ~ ¢ (a) + u'(4,) log a, + — u,(4a,) 4 u, (4) log a, 
| 1, a, “1 
\ 
> cs Fa 2 
+B ou/(a) 4 w,(a,) | + ¥(4a,) + = ¥(a,) 
a a 
( 1 
2 a 1 2 bao 
¢ (4) tf U, (4,) log ty ! U, (a) | u,(a,) log Wy 
y y thy 
4 9 ) ») 
+ Bu,’ (a,) + = u,(a,) | + ¥'(a,) + * 2 (a,) 
| a as ; 


J 





As before, 
A [¢ (7) + «,(#) log x] 4. Bu,(x) 4 





Then, eliminating A and /, the equation for w is 


(2) log Ef » U,(2) 


9 1 ) 
¢(%) + u,(4,) log a, 4 u(a) + ~ u(a,)log a, «,(a,) Y(a,) 4 
“a a 
, 


9) 9 
g(a) + ¢(a,) + u,(a,) log a, 4 = w,(4,) 4 = (4s) log a, U,(a,) + ~ "(a,) 4 


: 2 ] 2 - Z 
¢'(a,) + = ¢(a,) + u,(a,) log a, 4+- — u,(a,) + u(a,) log a, u,(a,) 4+ ~ u,(a,) 
j oo a a 7 ‘ 


“l “I 





, 2 ” 1 2 2 
g(a) + 7 ¢(4,) + u,(a,) log a, + = 1 (a) 4 r (4) log dy, W,(a) 4 : 1, (dy) 


z) 
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Pa 


(44) gives the value of u. The complete tidal expression is 
un + Ez’. ] 


The value of ~ at the boundary whose colatitude is 4, is given by 


”) ] ») 9 
g(a) + — (a) + u'(a) log a, 4+ — (a) 4 “ 1(4%) log a, ry(4,) 4 1,(4) 
A," ae 7m ; . “ a 
(4) Zi 
2 : Pa 2 ‘a 2 < 
g(a) + ~ ¢(a,) + “(a,) log a, U(y) + ~ u(4,) log ay, 1(4,) 1,( Ay) 
’ ’ a,” . a - th, > hy 5 " i Oy > 
gin) (a) , (a) 
oi ] ” se 
¢ (4,) + (4,) » (4) > * (4) ' : 
— “ . (444) 
5) » F 9 9 : 
, —_ . | , | ‘ hy / ) ~ l oO hy , - ) Ww “oO; i 
Y (4) 4 v(4,) t+ @, (“,) log (45) 4 4,(Z,) Loe » (4) 4 (4, ; = (a,) 5 (Ay) ; 
h, hy thy A Y, “hy 
A similar equation may be obtained for the evaluation of «(a,). : 


CASE 5. 





ast 





22. Canal of width 2d lying along a parallel of latitude. Suppose the 








zonal sea to narrow down to a canal of width 2/7 having as its northern bound- 
ary the parallel of latitude $< — @. 

All three of the functions in the expression (22) are expressible in the 
neighborhood of # = 4, in series form. Let them be expressed in this man- 





ner and let / be taken so small that powers of it higher than the first may for 
purposes of calculation be neglected. 

The second of the equations (43) then becomes, after simplification by 
means of the first one, 





"  - ws . 22% 
A | ¢ (4,) ¢ (4,;) » (4%) ve hy (4,) 2 (4) 
1) “1, O “1, 


2 3 ., 7} 
+ [ay (4) 4 = uy (4) — = 1(4) | log a | 
My | 
4 
f ) ”) ) ») » 
| ” — , \ ' ” — , 
+ B | (4) + ty(a,) — (m4) | + L"(a,) 4 "(4) — (a) 
l , ty “, | 7 “ay 
. } 


+dA(lA +mB+n), 1—a?=0, (45) 


where /, m, “ may be easily found in terms of 4. 

























121 


1 mp ' I 1 ('n Do] ws 


('n) ('n)! 


Ss. 


I 1 


the 2 ee ('w)'n 


Y OF TIDE 


On 


(aryl DOT (a)'n 4 (x) 
» 


oO} UNDE pay 
; 7) 
bp (nx! Lop LT ! (‘eo dol Dp ('w)'a! 
CG l 
| 7) ly . is 2 y : . 
= (a) % | ('n)'n o ('» yin ('w) 'n ('n)a‘ (‘w) dD _ +. ('» > 
G G G 


ric THE 


INE’ 


K 


'y 


Ss 


’ 


(a) x 


'” ly, \I od I S '” al 4 
(‘o)x — ('n) X ('n)'n ('n) (‘n\n + ('n)a -~ + ('n) a 


G l G 


I. 
7D , ’ 
(v)% ‘Caw. . Hol (av)! | (jd 


~ 
— 
<= 
3 
-_ 
— 
< 
3 
_ 
“ 
_ 
r 
a. 
_- 


ULMLOF} VU OF SOVPOId SIT 


a7, . 
[ bup 4 ('w)x ® lwp A ('w) "n\n DOT + 


4 


G 
, ly : . ; ly . 

('n) x [ ('w)"n ('n)'n ('w) ‘ny ('n) aA | ('w) a 
’ G 


' .. 1 
7) : 


Ll G 


(x) (x)'n * w DOy (a) + (a)d 


v 


WHICH PRESE 


| ('p )A 


SOMIODVOG # JO UOLYVULMIaZap oy} 1oJ UOT Tubs oy} Udy, 
































vy 





‘N 
O| 


within the canal distant ¢ from the northern boundary z = a, + 0) 1 — a. 
This substitution being made and the product /d being neglected the result is 


1 


os W 


LING 


23. Tide at point distant 0 from boundary of canal, 


” 


¢ (4) 


¢'(m%) + 


¢ (4) + 
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» 


| 


) , ‘ 
Clad 
a,’ (4%) 

9 
- UC (4 i 
a” 1) 


¢ (4) t 
L 


uy l—afd 


¢ (4,) 
l£— mk 


, 
! 


¢(%) » (4) » (4) 
2 , 2 / 2 
¢ (4) ¢(4) = (4) » (4) + — (my), (a) + — Xm) 
, Ay” ! ae Ay 
a 3, a 2 ww _ ae f oo 
g(a) + g(a) + (ay) + (4), 0 (H) + (4), La) + — (a) 
‘ a, ' 7 ay , 
¢(%,) » (4) » X(4)) 
. 2 1 “ .% RO, . Ze 
dyl—a/’ ¢(4) ¢(4,:) + — (4), (4) + (4), 8a) + (a) | 
, ay 7h Ay 
/ — m log a, ,m yu 
¢ (4) 4 (4) tt; (4) » (4) 
a ; 
f 
: . 2 : 
ay ¢(%) 4 (4) + ¢(4,) » Uy (4%) + (4), Y(%) 
A, Ay a“, 1 


2 4 e / ”, e 
+ (a) (a), (4) + = (a), 841) + 
Ay 1," Ue “a 


6 


1 os , 3 
U,( 4) » Uy (a) + ,(4;) 
y y 


‘ PF, ‘ 


? 
“ “ ” | e ti 

~ ty (Ay) + (M4), y"() + (A) 
Ay a,’ Ay 


oo 1 , 2 
~ E(4) = (4), Uy (A) + ty(4y) 
7 7 A 


It is easy to show that 


l 


— m log a, 


VW 


a 





(48) 
IP » 
2 + 4 
ne ' ~_ ea Fa 
=@9 (4) + p (4) ——,¢(4,) + —¢(a 
7 ( a Uy ¢ ( ae? ( 1 a 7 ( 1) 


Se = 4 
= u, (a , ly (4,)— — 4,(¢,) 
a, (4) + a? 1 (4) a, (4) , 


9 


- i es . 
= (ay) Fm" (my) — wn) + ala), 
1 “1 1 


2 4 4 
e”"(a,) + — (a ’(a,) + — (a). 
x 1) 1 dU; x ( 1) a? =\ i) 1 a3 ( 1) 





For any point 


— 
(4) 
a ’ 


(4) 
1 














Equation (48) can then be put in the form 
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») ») 
U (4) = c(a,) (4) E My (ay)  — .fa, 
' ? c= “, 
Mu 
a) 2 2 3 
¢ (4,) 4 Cc (d,) ~ (a) + 7, (a), 1° (4,) ,(4,) 
; A, ° Oy, 1 A 
2 » 
¢ (w,) C(4,) W(t, ) » My (4,) Ui(,) 
' ‘ “,° Oy “1, 
' 
' » 12 » 
du | l h ¢ (d,) ee C (4;) ~ (4) | uy (4) “s Mw, (a) 
, 7 ay ° | 1) | 
\ \ 
‘ (? ‘ ( 
7k 1. | 12 
hy (4) , ly (Ay) | , (4) | 
A, ed 1, } 
¢(4,;) » Ula) , Ve) 
g(a) (a) , uy (a,), (a,) | 2(d o)y 1 “> 
- “, 
7 ay 
' 2 ‘ 
\9 g (4) 4 My (4))— Uy), Uy Ay), Y (A) 
“Ay ay 
¢(4) , (a,) , Y(a,) 
¢'(d,) “i(4,) Mi (a), ¥ “,) 
dyl “> A, (49) 
» » ») 
a » i » ya : , 
; yg (4,) ", (4) , tt, (4, ) MA), Hy (4), ~ (a) 
‘ “, a” ay 
The value of ~ at the middle of the cana! is obtained by putting 0 = 7, which 
simplifies (49) somewhat. 
24. Canal of negligihle width. TE now the canal be taken so narrow that 
the width may be neglected, (49) is still further simplified. The results should 
coincide with those obtained by considering the motion as in two dimensions 
' In this case the equation for ~ is 
2 2 
¢ (4) + ¢(4,) W(y) » (4%) (a) 
a a; a, 
u 
oy, 7 iw e>% 2 a By) 
¢(a,) 4 ¢'(a,) 4 "1, (a,) (4), U,(a,) 4 u(y) 
F a,’ 4 a a 
¢(%) » (4) , Y(4) 
¢'(a,) 4 “(4;) , &, ta,),. Ste) * 
— 7 / a, / (0) 
9 
¢ (4%) 4 (a) - » (a,), Uy (a), YC 4,) 


1, h; 
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As before, the total tide is 


U=ua+ Fa?. (51) 


VIII. 
SumMMARY OF RESULTS. 


25. Summary of I-IV. For convenience of reference, and in order to 
render the results available to any who do not desire to follow through the 
processes of obtaining them, it has been thought desirable that they should 
he restated in a separate section which, along with the historical sketch in 
Section II, would give a complete account of the state of the problem. Sec- 
tion IIT is devoted to a discussion and criticism of the analytical process by 
means of which Laplace obtained his value for the arbitrary constant in his 
solution. Objection is taken to the process employed for two reasons. In the 
tirst place, the reasoning used has not been shown to be, and does not appear 
to be strictly accurate. In this connection it may be said that in the exami- 
nation of the apparent inaccuracies it has been thought sufficient to indicate 
the weaknesses of the method rather than go into a minute discussion of them. 
The modern advances in the theory of Differential Equations make it appear 
probable that matters of this character will be treated differently in future. 
In Section LV the complete solution of the equation is found, the expressions 
involved being infinite series, whose regions of convergence are large enough 
to make possible the treatment of all cases that can arise. The regions of 
convergence of the series together with certain important properties of the 
integrals can be predicted from the form of the equation. The integral found 
is more general than that previously deduced involving the two arbitrary con- 
stants. The series used by Laplace enters this integral as a part of it. In 
the derivation of the integral the method of Laplace as given in the Mécanique 
Céleste is made clear. In the closing paragraphs of the section certain prop- 
erties of the integral important in the application of the physical conditions 
are deduced. 

26. Summary of V-VITI. Section V deals with the applications of the 
physical conditions to the determination of the arbitrary constants. One of 
the constants is immediately determined. The determination of the other 
involves greater difficulties. The analysis on which previous evaluations have 
been based is rejected and replaced by a determination of the value which 
appears to be entirely satisfactory. The condition which determines this 
constant is the condition stated by Lord Kelvin. The result of this section 
uppears to be a complete justification of Laplace’s series. 
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In Section VI the objections taken to the proof previously given in the 
determination of the second arbitrary constant are set forth. 

The last Section contains the discussion of five important cases in the 
theory of tides. The arbitrary constants in the general integral of the differ- 
ential equation are determined so that the integrals represent the tidal disturb- 
ance in these cases, and expressions are obtained for the tidal disturbance at 
any point whatever, and at certain particular points, such as points on the 
boundary. The last of the five cases treated is that of a canal lying along a 
parallel of latitude and would appear to furnish a means of checking the same 
case treated by Airy’s Canal Theory of Tides. 
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